X-rays

X-rays are electromagnetic radiation with wavelengths between about 0.02 Å and 100 Å (1Å = 10-10 meters). The wavelength of X-rays is on an atomic level and is much smaller than that of visible light (3000 to 8000 Å). Since X-rays have a smaller wavelength than visible light, they have higher energy and are more penetrative. Its ability to penetrate matter, however, is dependent on density of the matter. Therefore, X-rays are useful in exploring structures of atoms. Since 

X-rays are produced in a device called an X-ray tube. The X-ray tube consists of an evacuated chamber with a tungsten filament at one end, called the cathode, and a metal target at the other end, called an anode. When electrical current is put through the filament, excited electrons from the tungsten are emitted. If a high potential difference is placed between the cathode (positive end) and the anode (the negative end), the emitted electrons move at high velocity from the filament to the anode target. The electron will strike atoms at the target, dislodging inner shell electrons of the target atom. As a result, electrons on the outer shell emit jump down to fill the void in the inner shell. Because the inner shells have lower energy than the outer shells, when an outer shell electrons jump to inner shells, they emit radiation in the form of high energy X-rays. 

Interference

Because X-rays are bundles of separate waves, each wave can interact with on another either constructively or destructively. The interaction between waves is called interference. If waves are in phase meaning that each of their crests and troughs occur exactly at the same time, then the waves will stack together to produce a resultant wave that has a higher amplitude. This is called constructive interference. If they waves are out of phase, then destructive interference occurs and the amplitude of the resultant wave will be reduced. If waves are exactly out of phase by a multiple of n/2 then there will be complete destructive interference and the resultant wave has no amplitude, meaning that it is completed destroyed. 

X-ray Diffraction

One of the best methods of determining a crystal’s structure is by X-ray diffraction. In macromolecular x-ray diffraction experiments, an intense beam of X-ray strikes the crystal of study. In general, crystal diffracts the X-ray beam differently, depending on its structure and orientation. The diffracted X-ray is collected by an area detector. The diffraction pattern consists of reflections of different intensity which can be used to determine the structure of the crystal. However, many different orientations of the crystal need to be collected before the true structure of the crystal can be determined. 
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The resolution of an X-ray diffraction detector is determined by the Bragg equation: 
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where d is the resolution of the detector,  is the incident x-ray wavelength, and  is the angle of diffraction. 

The setup of an X-ray detector is shown in the following:
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The atoms in crystals interact with X-ray waves in such a way as to produce interference. Because crystal structures contain planes of atoms, each plane will reflect incident X-rays differently. For example, let two monochromatic X-ray beams (of a specific wavelength) strike a crystal structure at an incoming angle of . Ray 1 will reflect off of the top atomic plane while Ray 2 will reflect from the second atomic plane. However, because Ray 2 has to cross deeper into the atomic plane, it travels a distance 2a farther than Ray 1. If the distance 2a is equal to the integral number (n) of wavelength of two waves, then Ray 1 and 2 will be in phase, thus constructively interfere, when they both exit the crystal. 
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From Bragg’s law, we know that n = 2d sin , therefore if we know the wavelength  of the X-rays going in to the crystal, and we can measure the angle  of the diffracted X-rays coming out of the crystal, then we can determine the spacing between the atomic planes. This spacing is the called the d-spacing. If we now reorient the crystal to a different atomic plane, we can measure the d-spacing in other planes. By doing multiple x-ray diffractions at different crystal orientations, we can determined crystal structure and the size of the unit cell of the crystal.

Fourier Transforms in Crystallography

What is a Fourier Transform? This question is best answered with the aid of an example. A Fourier transform is a representation of some function in terms of a set of sine-waves. The set of sine-waves of different frequencies is orthogonal, and it can be shown that any continuous function can be represented by summing enough sine-waves of the appropriate frequency, amplitude and phase. 

Let us consider an imaginary one-dimensional crystal. There are three atoms in the unit cell; two carbons and an oxygen. The electron density in the unit cell looks like this: 
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Now we will try and represent this function in terms of sine waves. The first sine wave has a frequency of 2, that is there are two repeats of the wave across the unit cell. One peak represents the oxygen, and the other the two carbons: 
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The second sine wave has a frequency of 3; three repeats of the wave across the unit cell. It has a different phase, in other words we start at a different place on the wave. The amplitude is also different: 
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Finally, we introduce a sine wave with a frequency of 5. Two of the peaks of this wave are lined up with the carbon atoms: 
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Now we add them all together: 
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Note that the sum of the three sine-waves is a good approximation to the original unit cell. Thus we can see that the unit cell can be represented quite well using only three sine-waves, given the correct choice of frequency, amplitude and phase. 

Now we will look at the Fourier Transform of the same unit cell. Note that the result consists of a series of peaks, the largest of which are at 2, 3 and 5 on the x-axis. These correspond exactly to the sine-wave frequencies which we used to reconstruct the unit cell. If you look carefully you will also see that the heights of the peaks correspond to the amplitudes of the three waves: 
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The smaller peaks in the Fourier transform correspond to additional smaller waves which would have to be added to get a perfect fit to the original density. Thus we can see that the Fourier Transform tells us what mixture of sine-waves is required to make up any function. 

Of course the sine-waves go on for ever, and so there will be lots more copies of the unit cell beyond the pictures here. Also, the Fourier Transform has some other features: it has values for both positive and negative frequency, and the values are complex and not real. These features combine to determine the phase of any particular sine-wave component. 

http://www-structure.llnl.gov/Xray/xrayprimer.html
http://www.tulane.edu/~sanelson/eens211/x-ray.htm
Practically speaking, reorienting the crystal to every plane and measuring the diffraction angle q to determine the d-spacing of each plane is very time consuming. Thus, the powder method is often used to speak up the process. In this method, the crystal of study is ground into fine powder. The find powder contain small granules of crystals with random orientations. If we have enough powder randomly oriented on the surface, we expect some of the different atomic planes to lie parallel to the surface. Therefore, if we scatter an incident X-ray beam from 0 to 90o, we should find all the angles where diffraction occurred. Each of these angles will correspond to a different atomic spacing. The instrument used to make these measurements is the X-ray powder diffractometer. To rotate both the X-ray tube and the detector through the 90o angle, a goniometer is used. 

The data recorded in the detector is the X-ray intensity in counts/second. By plotting the intensity against the angle of the incident X-ray, we can produce a series of peaks. These diffraction peaks correspond to d-spacing and can be converted using the Bragg equation. 

