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Oct. 6 2006

Lecture 10: Real Eigenvalue Systems; Transformations to
Eigenbasis

Reading:
Kreyszig Sections: 8.4, 8.5 (pages349-354, 356-361)

Similarity Transformations

A matrix has been discussed as a linear operation on vectors. The matrix itself is defined in terms of
the coordinate system of the vectors that it operates on—and that of the vectors it returns.

In many applications, the coordinate system (or laboratory) frame of the vector that gets operated
on is the same as the vector gets returned. This is the case for almost all physical properties. For
example:

e In an electronical conductor, local current density, J_; is linearly related to the local electric field
E:

pJ = B (10-1)

e In a thermal conductor, local heat current density is linearly related to the gradient in tempera-
ture:

EVT = jg (10-2)

e In diamagnetic and paramagnetic materials, the local magnetization, B is related to the applied
field, H:

uH =B (10-3)

e In dielectric materials, the local total polarization, ﬁ, is related to the applied electric field:

Dji

kE =D = koE + P (10-4)

When & and i are vectors representing a physmal quantity in Cartesian space (such as force F
electric field E orientation of a plane 7, current j, etc.) they represent something physical. They don’t
change if we decide to use a different space in which to represent them (such as, exchanging z for y,
y for z, z for x; or, if we decide to represent length in nanometers instead of inches, or if we simply
decide to rotate the system that describes the vectors. The representation of the vectors themselves
may change, but they stand for the same thing.
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One interpretation of the operation AZ has been described as geometric transformation on the
vector Z. For the case of orthogonal matrices A, geometrical transformations take the forms of
rotation, reflection, and/or inversion.

Suppose we have some physical relation between two physical vectors in some coordinate system,
for instance, the general form of Ohm’s law is:

J=cE
I Oxzz Ogzy Ozz E, (10-5)
Jy | =\ Oy Oy Oy By
J. Oxz Oyz Ozz E,

The matrix (actually it is better to call it a rank-2 tensor) o is a physical quantity relating the amount
of current that flows (in a direction) proportional to the applied electric field (perhaps in a different
direction). ¢ is the “conductivity tensor” for a particular material.

The physical law in Eq. 10-5 can be expressed as an inverse relationship:

E zgj
Ey P Py  Paz Ja (10-6)
E, =\ Pzy Pyy Pyz Jy
E, Pxz  Pyz Pzz Jz

where the resistivity tensor p = g~
What happens if we decide to use a new coordinate system (i.e., one that is rotated, reflected, or
inverted) to describe the relationship expressed by Ohm’s law?
The two vectors must transform from the “old” to the “new” coordinates by:

old—new mold — T old—new :old — +me
Aorth Eotd = prew Aorth JO - Jnew

new—old yew — Told new—old :ypew — sold (10_7)
Aorth E =F Aorth J =]
Where is simple proof will show that:
-1
Agld e — Aty old
-1
Apgipold — A e o
Anewﬂold _AoldﬂnewT
orth —“Torth
T
s
where the last two relations follow from the special properties of orthogonal matrices.
How does the physical law expressed by Eq. 10-5 change in a new coordinate system?
in old coordinate system: jold — yeld gold
RO T T (10-9)

in new coordinate system: jnew = "¢ fnew
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To find the relationship between x°¢ and x™¢*: For the first equation in 10-9, using the transformations
in Egs. 10-7:

pesg oM i — 14 g old e (10-10)
and for the second equation in 10-9:
Agffg_ﬂww]()ld _ XnewAgit%;newEold (10_11)

Left-multiplying by the inverse orthogonal transformations:

old—new pnew—old ; old—new old new—old rne
Aorth Aorth new Aorth Aorth Enew

(10-12)
new—old old—mew new—old new old—mew
ADC ol A0 jold = = Al A? Eold

Because the transformation matrices are inverses, the following relationship between similar matrices
in the old and new coordinate systems is:

_ pqold—new new new—old
Aorth Aort

w _ pgnew—old. old pold—new
Aorth Aorth

o (10-13)

new

The ¥ is said to be similar to X" and the double multiplication operation in Eq. 10-13 is called

a similarity transformation.

Stresses and Strains

Stresses and strains are rank-2 tensors that characterize the mechanical state of a material.

A spring is an example of a one-dimensional material—it resists or exerts force in one direction
only. A volume of material can exert forces in all three directions simultaneously—and the forces need
not be the same in all directions. A volume of material can also be “squeezed” in many different ways:
it can be squeezed along any one of the axis or it can be subjected to squeezing (or smeared) around
any of the axes®

All the ways that a force can be applied to small element of material are now described. A force
divided by an area is a stress—think of it the areal density of force.

F, " _F, F.i
ie., g, Opz = 7

Y a.

.

) (10-14)

Oij =

I

Aj is a plane with its normal in the j-direction (or the projection of the area of a plane A in the
direction parallel to 7)

3Consider a blob of modeling clay—you can deform it by placing between your thumbs and one opposed finger; you
can deform it by simultaneously squeezing with two sets of opposable digits; you can “smear” it by pushing and pulling
in opposite directions. These are examples of uniaxial, biaxial, and shear stress.



MIT 3.016 Fall 2006 LECTURE 10 © W.C Carter 80

Oz 01?3
A
(),
z 5 %13
03
Ox Oz 031
y — Oyy 022
1
Xy, 21
X O e O11
Figure 10-6: lllustration of stress on an oriented volume element.
Oxx Ozxy Ozz
Oij = | Oyz Oyy Oyz (10-15)

Ozx Ozy Ozz

There is one special and very simple case of elastic stress, and that is called the hydrostatic stress.
It is the case of pure pressure and there are no shear (off-diagonal) stresses (i.e., all ;; = 0 for i # j,
and 011 = 092 = 033). An equilibrium system composed of a body in a fluid environment is always in
hydrostatic stress:

-P 0 0
O‘ij = 0 -P 0 (10—16)
0 0 -P

where the pure hydrostatic pressure is given by P.

Strain is also a rank-2 tensor and it is a physical measure of a how much a material changes its
shape.?

Why should strain be a rank-2 tensor?

4Tt is unfortunate that the words of these two related physical quantities, stress and strain, sound so similar. Strain
measures the change in geometry of a body and stress measures the forces that squeeze or pull on a body. Stress is the
press; Strain is the gain.
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X

Figure 10-7: lllustration of how strain is defined: imagine a small line-segment that is aligned
with a particular direction (one set of indices for the direction of the line-segment); after
deformation the end-points of the line segment define a new line-segment in the deformed
state. The difference in these two vectors is a vector representing how the line segment has
changed from the initial state into the deformed state. The difference vector can be oriented in
any direction (the second set of indices)—the strain is a representation of “a difference vectors
for all the oriented line-segments” divided by the length of the original line.

Or, using the same idea as that for stress:

—. ~

AL; AL, AL -1
€ = —/— i.e., €rxz = = €pz = S~ 10-17
= - ) (1017

If a body that is being stressed hydro-statically is isotropic, then its response is pure dilation (in
other words, it expands or shrinks uniformly and without shear):

A/3 0 0
ei=1| 0 A3 0 (10-18)
0 0 A/3
v
A= 10-1
v (10-19)

So, for the case of hydrostatic stress, the work term has a particularly simple form:
3 3
Vv Z Z O'ijdeij = —PdV
por (10-20)
Vojde;j = —PdV (summation convention)

This expression is the same as the rate of work performed on a compressible fluid, such as an ideal
gas.
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EigenStrains and EigenStresses

For any strain matrix, there is a choice of an coordinate system where line-segments that lie along the
coordinate axes always deform parallel to themselves (i.e., they only stretch or shrink, they do not
twist).

For any stress matrix, there is a choice of an coordinate system where all shear stresses (the off-
diagonal terms) vanish and the matrix is diagonal.

These coordinate systems define the eigenstrain and eigenstress. The matrix transformation that
takes a coordinate system into its eigenstate is of great interest because it simplifies the mathematical
representation of the physical system.

Lecture 10 MATHEMATICA® Example 1

Principal Axes: Mohr’s Circle of Stress

Download notebooks, pdfs, or html from http://pruffle.mit.edu/3.016-2006.

Diagonalizing a quasi-two-dimensional stress tensor, the equations for Mohr’s circle of stress (Fig. 10-8) are

derived
otensordiag =
. . . . 1 {leprinc,,, 0, 0}, (0, oprinc,, , 0y, {0, 0, oprinc,, }};
1: The problem is done in reverse by finding the backwards rotation of a |stensordiag//MatixForm
. . P . . . : rotmatl6_] :=
diagonal matrix. This is the stress in the principle coordinate system. 2| *"TCosll st 0 i, cosll, 1100, 11
rotmatlél // MatrixForm

2: This is the rotation operator by 6 about the z-axis.

orot = Simplify[Transposelrotmat(6]].ctensordiag.rotmatl6]];
orot // MatrixForm

4: The rotation matrix factors well using the double angle formulas.

4| orotalt = Collect[orot // TrigReduce, {Cosl24l, Sinl26l};
orotalt // MatrixForm

5: This can be compared with the general form of any quasi-two-dimensional
(z—y plane) stress that has the same principle stresses identified above. In
the rotated (i.e., laboratory) frame, the stresses are geometrically related
to the circle plotted in 10-8. - —

Al Z - components remain zero except the original diagonal olab,,

6: The trace of the stress tensor is independent of rotation—this is a general e[smpiytab,. + ciab, | |
property for any unitary transformation. 7[Simplity{riab, olab,, — (@laby,)"2) |

olaby, clab,, olab,,
alaby, claby, claby, |= crotalt;

olab,, claby, olab,,
olabMat // MatrixForm

olabMat =

al uniaxiall0 = (oprinc,, —> 10, rprinc,, —> 0 |

7: Like the trace, the determinant is also an matriz invariant.

. . ParametricPlot[{clab,y, olaby } /. uniaxial10
11: Using ParametricPlot for 04(f) and 04y(0), an example of Mohr’s | a0 Avestabel- (nomei stess’ ‘shea siess',
. . . . 9 spectRatio - 1,
circle is plotted for principle stresss of 30 and 10. PlotLabel - " \t \t Mohr Circle for 10 MPa Uniaxial Tension",
PlotStyle - {Thickness[0.01], Huel1]})

1o| uniaxialother = ((rprincxx —> 30, (rprincyy ->10)

ParametricPlotj{clabyy, olab,y} /. uniaxialother
, {6, 0, ), AxesLabel - {"normal stress", "shear stress"},
AspectRatio - 1,
PlotRange —> {{0, 40}, {-20, 20}}, PlotLabel -
"\t \t Mohr Circle for oprinc,, = 30 (rprincyy:m",

PlotStyle - {Thicknessl0.01], Huel11};
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Figure 10-8: Mohr’s circle of stress is a way of graphically representing the two-dimensional
stresses of identical stress states, but in rotated laboratory frames.

The center of the circle is displaced from the origin by a distance equal to the average of the
principal stresses (or average of the eigenvalues of the stress tensor).

The maximum and minimum stresses are the eigenvalues—and they define the diameter in the
principal 8 = 0 frame.

Any other point on the circle gives the stress tensor in a frame rotated by 26 from the principal
axis using the construction illustrated by the blue lines (and equations).

Quadratic Forms

The example above, where a matrix (rank-2 tensor) represents a material property, can be understood
with a useful geometrical interpretation.
For the case of the conductivity tensor o, the dot product E; is a scalar related to the local energy
dissipation:
e=E"gE (10-21)

The term on the right-hand-side is called a quadratic form, as it can be written as:

e :0'1133% + 0122129 + 0132123+
0921T1X2 + O'ng% + 093T2x3+ (10—22)

2
0317173 + 0327273 + 03373
or, because ¢ is symmetric:

e :Ulle + 20’12.%'1%2 + 20’13.%‘1%34—
(722.%'% + 2093T0x3+ (10—23)

2
0'33:E3

It is not unusual for such quadratic forms to represent energy quantities. For the case of paramag-
netic and diamagnetic materials with magnetic permeability tensor p, the energy per unit volume due

to an applied magnetic field H is:
E

1o o
Ll (10-21)
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for a dielectric (i.e., polarizable) material with electric electric permittivity tensor £ with an applied

‘r 2 —I{ ( )

The geometric interpretation of the quadratic forms is obtained by turning the above equations
around and asking—what are the general vectors Z for which the quadratic form (usually an energy
or power density) has a particular value? Picking that particular value as unity, the question becomes
what are the directions and magnitudes of Z for which

This equation expresses a quadratic relationship between one component of Z and the others. This is a
surface—known as the quadric surface or representation quadric—which is an ellipsoid or hyperboloid
sheet on which the quadratic form takes on the particular value 1.

In the principal axes (or, equivalently, the eigenbasis) the quadratic form takes the quadratic form
takes the simple form:
e = xngAebx;’b = AHZL'% + Agzx% + A33.7}§ (10—27)

and the representation quadric
Apx] + Ageas + A33$§ =1 (10-28)

which is easily characterized by the signs of the coefficients.
In other words, in the principal axis system (or the eigenbasis) the quadratic form has a particularly
simple, in fact the most simple, form.

Eigenvector Basis

Among all similar matrices (defined by the similarity transformation defined by Eq. 10-13), the simplest
matrix is the diagonal one. In the coordinate system where the similar matrix is diagonal, its diagonal
entries are the eigenvalues. The question remains, “what is the coordinate transformation that takes
the matrix into its diagonal form?”

The coordinate system is called the eigenbasis or principal axis system, and the transformation that
takes it there is particularly simple.
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The matrix that transforms from a general (old) coordinate system to a diagonalized matrix (in
the new coordinate system) is the matrix of columns of the eigenvectors. The first column corresponds
to the first eigenvalue on the diagonal matrix, and the n” column is the eigenvector corresponding the

nt" eigenvalue.
The Eigenvector ! The Eigenvector
Diagonalized | = Column General Column (10-29)
Matrix Matrix Matrix Matrix

This method provides a method for finding the simplest quadratic form.
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