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«�¬"z®tz¯J°q�z¯N®�±u²´³[µN¶=²´·8²´¹¸º¯J°"¶©µY»u²´z¶j¼�»8µN½¿¾®�À8ÁÃÂ'½eÄGÅ�Æq¶'Çuz¯Y®~Àz®�È�¬QÀz®"ÉbÊ`ËzÌqÍJÄ�²�¶�±P²�½T®G»Y¶�²o¬�»uÎo®G¶�¶'Ï
Ð)»1�Àz¬P±YµNÂ'® °Ñ±u²�½T®G»Y¶=²�¬�»PÎ�®G¶�¶�·�°qÀ�²,°Q¾uÎ�®jÒJÓ

ÒÕÔ Í
Ö / Ê`Ë

¼�×WØzÙqÅ

ÚJÛWÜÝÜbÞQß~à[á'Þ"âäãÃÜbãQâGåçæ�è'Ûué´ãQâ.Üâ�Þ1ê'é%à'ë Éqz¯b°gaz¯N®�¾¬�µN»Y±b°gÀ�¸ °"»Y±e²�»u²´�²,°gÎuÂG¬E»N±P²´�²�¬�»N¶�°qÀz®�°qÎ�¶�¬�²�»1·�°qÀ�²,°Q»Ý
z¬jz¯u²�¶6¶�ÂW°qÎ´²o»Nìe²�½TíuÎ´²�®'±î¾1¸ÕÒJÉ1²�»î¬"z¯Y®~À�ï�¬QÀ�±Y¶'ÉÝ²´È[z¯Y®©Î�®G»Yì"z¯î¶�ÂW°qÎ�®�²�¶6�À�²�íuÎ�®'±ð¼ç¸P°gÀz±N¶ª²�»Y¶�z®W°"±î¬QÈ[È�®'®�WÅ
z¯N®'»lz¯N®e�²�½T®¿¶�ÂW°qÎ�®ÑÈ�¬QÀ z¯N®Ñ¾�¬EµN»Y±b°gÀ�¸ñÂG¬E»N±u²´�²�¬E»N¶ ²�¶�½¿µuÎ´�²�íPÎ´²�®G±|¾1¸|°TÈ�°"Â��¬QÀj¬"È�»P²�»N®QÏÕò©ÀWÉ.µN»Y±N®�À
z¯N® ¶�ÂW°gÎ´²�»NìPÉ

óÍdôöõNÍ óË�ôöõ Ä Ë z¯Y®G»�Ó óÒTô÷Ò ¼�×WØ�ø1Å

z¯N® ¾�¬EµN»Y±b°gÀ�¸îÂ'¬�»Y±u²´�²�¬�»Y¶�ÂW°Q»m¾®tï©À�²´�z®'»d®G»1�²´Àz®�Î´¸d²�»dz®�Àz½Õ¶�¬"È]z¯N®�¬�»N®�±u²�½T®'»N¶=²�¬E»uÎ�®'¶�¶�·�°gÀ�²,°"¾PÎ�® ÒJÏ

ù »ú®zûJ°"½TíuÎ�®j¬"Èª¶�µYÂz¯¨°`íuÀz¬E¾uÎ�®'½üï�¬�µPÎ�±ú¾®�z¯N®lý=¶�z®'íuØ�ÈçµN»YÂ~�²�¬E»Nþ¿²�»P²´�²,°qÎ�ÂG¬E»N±P²´�²�¬�»Y¶©ï©²´z¯m®�²´z¯N®~À
ÿ©²´À�²�Âz¯PÎ�®�t¬"À��'®~Àz¬"Ø��JµPûñ«©®'µN½î°"»Y»d¾¬�µN»Y±b°gÀ�¸ÕÂ'¬�»N±P²´�²�¬�»Y¶ä°q����rÓ

c(−∞,t) = cL

c(x,t) 

x

c(+∞,t) = cR

�y²�ì�µPÀz®Ñ×GØzÙ"Ó
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Ð)»u²´�²,°gÎ.ÂG¬E»N±u² �²o¬�»N¶'Ó < ¼)Í>==Ë�ô � ÅÃô@?BADC E � F�ÍGF �ADH � F�ÍIFJ� ¼�×WØLK1Å
¬"À < ¼�Ò4ôM� Å6ô ANH < ¼�ÒÕô E ��Å6ô A C ¼�×WØ / Å
ï©²´z¯d¾¬�µY»N±b°gÀ�¸ÕÂ'¬�»Y±u²´�²�¬�»Y¶'Ó< ¼�ÍmôJO+�P=�ËzÅ6ô ¼�ÒÕôJO�� Å6ô ANH ¬"À Q < ¼�Í>=�ËzÅQ Í RRRR1SUTWVYX ô[Z < ¼�ÒNÅZ Ò RRRR4\UTYX ô � ¼�×WØ � Å

°"»Y± < ¼)Ídô E �P==Ë�Å�ô < ¼�ÒÕô E � Å6ô A C ¬"À Q < ¼�Í>=�ËzÅQ Í RRRR1SUT^]*X ô Z < ¼�ÒNÅZ Ò RRRR4\UT_]*X ô � ¼�×WØL`1Åa©¶=²�»Yì4z¯Y®t±N®'bb»P²´�²�¬�»ºÈ�¬QÀäÒbÓ QQ Ë ô Q ÒQ Ë QQ Ò QQ Í ô Q ÒQ Í QQ Ò ¼�×WØ�×EÅc©¯N®�±u²´³[µN¶=²�¬E»d®ed8µJ°q�²�¬E»m¾®'ÂG¬E½Õ®'¶'Ó

E ø"Ò Q <Q Ò ô Q Ä <Q Ò Ä ¼�×WØLf1Åg�®'ÂW°"µN¶�®j®�·Ý®�À�¸8�¯P²�»NìÑ²�»dz¯Y®�°Q¾�¬W·1® ®3d8µb°g�²�¬�»ñ±N®'í�®'»N±Y¶�¬E»uÎ´¸d¬E»mÒJÉNz¯Y® íJ°qÀ��²,°qÎ.±P²´³[®~Àz®'»1�²,°qÎ.®3d8µb°g�²o¬�»
¾®GÂ'¬�½T®'¶�°Q»¨¬QÀz±u²�»J°qÀ�¸ú±P²´³[®~Àz®'»1�²,°qÎª®ed8µJ°q�²�¬E»�¼ Qih Z Å©z¯J°q ÂW°"»|¾®�²�»1�®'ì"À~°gz®G±lï©²´z¯N¬Eµu �¬8¬º½¿µNÂz¯±u²kjTÂGµPÎ´�¸EÏl�®~ m

Ô Z <Z Ò ¼�×WØ 0 Å
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¶�¬¿z¯J°q E ø"Ò m ônZ mZ Ò ¼�×GØzÙ � Å

ïä¯u²�Âz¯ñÂg°Q»m¾® ²�»1z®GìQÀ'°gz®G±

Z <Z Ò ôporq�s ]�\�t ¼�×GØzÙ�ÙqÅ

ïä¯N®�Àz®�o�q©²o¶t°"»î²�»1z®'ì"À~°g�²o¬�»mÂ'¬�»Y¶=~°"»1ä°"»Y±îz¯u²�¶©ÂW°"»m¾® ²�»1z®GìQÀ~°qz®'±ú°"ì1°q²�»

< ¼�ÒNÅ E < ¼�ÒÕôrÒ q Å6ôuo q>v \\9w s ]%x t Z�y ¼�×GØzÙgø1Ål�®~äÒ q ô E � °"»Y±îï©²´z¯dz¯N® ¶=�®'íuØ�ÈçµN»YÂ~�²�¬E»d²�»P²´�²,°qÎ.Â'¬�»Y±u²´�²�¬E»N¶'É < ¼�ÒÕô E ��Å6ô A C É< ¼�ÒNÅªô A C Ozo q ¼ v q]*X s ]%xLt Z�y O v \q s ]%xLt Z�y Å ¼�×GØzÙ�K1Å
¬QÀWÉN¾1¸î²�»1�À�¬8±YµNÂ�²�»Nì4°Q»N¬Qz¯N®�À�Â'¬�»Y¶=~°"»1�È�¬QÀ+orq'É

< ¼�ÒNÅ6ô A C O|{ q�} ø
Ö ~ v q]5X s ];x t Z�y O ø

Ö ~ v �� �����q s ];x t Z%y�� ¼�×GØzÙ / Åc©¯Y®t²�»1z®'ì"À~°gÎ[ï�² �¯ñ°"»ú°gÀzì�µY½Õ®'»1�²�¶��=µN¶=ä¶�¬�½T®äÈçµN»YÂ~�²�¬E»dï©²´z¯m°¿í®'ÂGµPÎ´²,°qÀä»J°"½T®"Ó
®~À�È=¼��PÅªô ø

Ö ~ v��q s ];xLt Z�y ¼�×GØzÙ � Å
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Ö / Ê`Ë�� ¼�×GØzÙ�`1Å
¬"À < ¼�Í.==Ë�Å6ô�� A�� O�� Aø ®~À�È � Í

Ö / Ê`Ë � ¼�×GØzÙQ×EÅ

� ��¤ � 7�¡¢:=587836���>U5_�t2Õ¤�� �?9;:�<�>U5
ù »l°"±Y±u²´�²�¬�»J°qÎa°Q»N±dµY¶�®~ÈçµuÎaíPÀz¬�í®�À��¸Õ¬QÈaz¯Y® ®�À�Àz¬"À�È�µY»NÂ��²�¬�»d²o¶�z¯J°q©®~À�È=¼��PÅ"�J�ÑÈç¬"À���� Ù
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�y²�ì�µuÀz®j×WØ�øÝÓ���/��0�% k¡W¢3£¤¢3¥�¦e¢¨§��U��©"�3���+�U/ ����-�-ª(�-.!$#%� &U���)(*����-k!�¼$�8Å��� �«� ��8��-ª¬5#%������®�Y:®¯"����(° ��1# �38�(�!��§�(*#����¿ô �%± 0;² �'/ ���*� ³´��-ª��� &3�0�)8�� �3898D�U/���¶µ�·%¸«:g�®GÂW°QµN¶�®4z¯Y®4¶�ÂW°qÎ´²�»Yìðíb°qÀ~°Q½Õ®�z®~ÀjÒ Ô S¹ º¼»Y½ ²�¶e¶�½î°qÎ´ÎÃÈ�¬QÀ�Îo¬�»Nìñ�²�½T®G¶ Ë¿¾ À » ïä¯N®�Àz®ÁÀ » ²o¶j�¯Y®
Âz¯b°gÀ~°"Â�z®~À�²�¶=�²�Âj±u²´³[µY¶�²�¬E»î�²�½T®"ÓÃÂ º À » Ô ÍbÄ

/ Ê
¼�×GØzÙ�f1ÅÄÆÅ�Ç�ÈrÉ�Ê"É�Ë�Ì�É
Í�Î'ÏeÐ�ÑkÒÃÓ�Ô�Õ.Ö"×�ØÙÉ�Ú�Ê"ØÙÛ%Ê�ÜLÝ2Þ�Ê�ß�Ý2à�É$Ê$á�Ö®Ø.ÈrâãØ�ÈUÖ®Ê
Ü�Ë�Ìrá�ÌUÜ$É�ÊLá�Ý�ØÙÉ�Ý1Ü�É�Ý1Ö®Ê"É�Ë�Ì�É�ß ÊLÛ�Ê$à�ß Ø�Èrà6Ìäß�Ý2å�×�ØÙÝ�æ�Ý2ÉèçÌ�à�ß¨ÌNé�ÊLà ê'É�Ë;ëãìíØÙÝ1ÖDÝ�é�Ì�á�Ü9È'Ö�Ö®Ê$àeÉ7ÌrÛ Û é�Ý�Ê9ØîÉ�ÈNÌràeçïé�Ý1ÖDÝ�É�Ý2à ê�æUÌ�é2×�Ê
Èrâ^Ì�Û Ëeç ØÙÝ�Ü9Ìré*Û�Ì�á�Ì'Ö�Ê$É�Ê$árë
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¬"À�Èç¬"À ß¼ðNÞQâGå ±u²�¶=~°"»YÂG®'¶äÍñ�óò » ïä¯Y®~Àz®�ò » ²�¶�z¯N® Â�¯b°qÀ~°QÂ~z®�À�²�¶=�²�Â�±P²´³[µN¶=²�¬E»îÎ�®G»Yì"z¯�Óò » Ô Ö / Ê4Ë ¼�×GØzÙ 0 Å

z¯N® ¶�¬QÎ�µu�²�¬E»m¬QÈaz¯N®�¶=z®GíPØ�È�µY»NÂ��²�¬�»mÐ��r¾�®'Â'¬�½T®G¶'Ó

< ¼�Í.==Ë�Å6ô�� < � O�� Aø Í
Ö / Ê`Ë

¼�×GØ�ø � Åc©¯N®ï�bµPûl°g�z¯Y® ¬QÀ�²�ì"²�»º·�°qÀ�²�®'¶t°"¶'É

ôU¼�Ídô � ==Ë�Å6ô E � A¿õ Ê
/ ~ Ë ¼�×GØ�øuÙqÅc©¯N®��¬Q~°qÎ.°Q½Õ¬EµN»1�¬QÈU½î°qz®�À�²,°qÎJz¯b°gN�J¬Wï ¶�íb°Q¶=��¯Y®t¬QÀ�²oì"²�»|¼�í®�À�µN»P²´ °gÀz®g°1ÅÃµNíîz¬¿°e�²�½T®äÀmìE¬8®G¶©°"¶

Ö À[Ó ô�öø÷Uùî÷eú2û ½Ãü�ýrþ ¼�Ídô � =�ÀyÅªô E � A¿õ Ê¿À~ ¼�×GØ�ø�ø1Å

� � � > �u� ¤�5N:)7N:=¤�� ¥Iÿä36< � �¹>c©¯Y®6¶=²�½TíuÎ�®6¶�¬QÎ�µu�²�¬�»�z¯J°q]ï�°"¶]±N®�·Ý®�Î�¬Eí�®'±¿°"¾¬W·1®6ÂW°"»e¾®6µN¶�®'±jï©²´z¯jz¯N®6½T®~z¯Y¬8± ¬QÈN¶�µNí®�À�í¬E¶=²´�²�¬�»
z¬¿±N®�·1®~Î�¬Eí¨°�Î,°qÀzìE® »8µY½¿¾®~À�¬"Èª¶�¬"Î�µP�²�¬�»N¶'Ï�P¬"À�®�ûJ°Q½ÕíPÎ�®"É[¶�µNíYí¬�¶�®�z¯N®j²�»u² �²,°gÎªÂG¬E»N±P²´�²�¬�»N¶�°qÀz®eÂz¯J°"»Yì�®'±¨¶�¬Tz¯b°gäz¯N®�Àz®j²�¶�°¿bJ»u²´z®e¶�¬�µPÀzÂG®e¬QÈ
½î°qz®�À�²�°qÎ±u²´³[µN¶=²�»Yìe²�»1z¬4°Q»î²�»*bJ»u²´z®t½î°qz®�À�²,°qÎ[°"»Y±îz¯N®ïbb»u²´z® ¶�¬EµuÀzÂ'®ä²�¶©Â'¬�»5bb»N®'±Tz¬¿¶=Î,°"¾ñ¬"Èyï�²´z¯ � Í²�»dz¯Y®tÍYØ+±u²´Àz®'Â~�²�¬E»m¾NµP�®zûPz®G»Y±u²�»Yì¿²�»*bJ»u²´z®�Î´¸T²�»dz¯N®��EØ�°"»Y±G�"Ø+±P²´Àz®GÂ��²�¬�»Y¶'Ï Â��Ä���� Ë Ý�Ø´Ý1ØîÊLå�Ê�ÜLÉ�Ý2æeÊ$é�ç�Ì®È�à�Ê"ß�Ý�Ö�Ê$à�ØÙÝ1Èrà�Ì�é*Û á�ÈrÚ é1Ê�Ö|Ý�à¨É�Ë�Ê	��
èØÙÛ�Ì�É�Ý�Ì�é;æUÌrá�Ý1Ì�Ú é�ÊUë
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x=0

∆x

c(x,t=0)=c0
c(x,t=0)=0

������������������ �"!�# $�#&%�')(+*�!-,�# $�#.*)!-/102*435$76-89*�!-89,:#<;=8>!-/�#.*)!>%4'@?A!�# $B8 /DCFE>%G3�8H/D*�E43�(�8I#"!�# $7#J%4'@(+*�!-,�# K$7#L*�!-/+MNPO:��Q��HSR�UT�WV-XZY+[�R:\�UT��[]RFQ�Y�VGR_^A��[]^�T`V-�R:��\a^4baQ��FcIc��R:�IT�de[gf�RF[hd=RaQ�[>X��)T��[�RFQ+i��j&�>jkT�OF[�Q��mln[G�T�OF�o�R�UT�WV�XpY�[]RF\)UTqS[�RFQ+�
r-s�tpuDvxwzy@{|w~} y ��� ��t���yr�� y9��t���� s ������� {

V>R:\
r-s�t�uBvxwzy@{|w } y ��� ��t����Ht��r�� �Ht���t���� s �����>� {

c0

−c0

x=0

x=∆x

0 0

+ =

c0

x=0 x=∆x

�����]�������������x�	�W�4�4���.�h�4 F��¡G�>��¡+¢B¡G£h¤q�h¤��.¥)£H¥>¦§¤`�-¡�¨o¡7¤`�-¥�©I¥>¦ª¢`«4��¡G����¥�¢�� ¤7�L¥�£�¬
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c©¯Y® ¶�¬QÎ�µu�²�¬E»î²�¶"��µY¶=�z¯Y® ¶�µN½ñÓ< ¼�Í.==Ë�Åªô < q
ø O < q

ø
ø
Ö ~ v �� �$���q s ];x t Z�y E < q

ø E < q
ø
ø
Ö ~ v �Dh®;�� �����q s ];x t Z�y ¼�×GØ�ø � Å

< ¼)Í>==Ë�Åªô < q
ø°¯ ®�À�È � Í

Ö / Ê`Ë � E ®�À�È � Í E � ÍÖ / Ê`Ë �P± ¼�×GØ�ø�`1Å
Ð�äï©²´Î´Îª¾®�¾®'»N®'bbÂ�²,°qÎ�z¬`À�®'�b®'Â� ¬�»lïä¯b°g=²8²�»N±Y¶ä¬"È6íPÀz¬�¾uÎo®G½T¶e¼ç²�Ï ®QÏtïä¯u²�Âz¯ñ²�»u²´�²,°gÎ6°"»N±l¾¬�µY»N±J°qÀ�¸

Â'¬�»N±P²´�²�¬�»Y¶~Å]ï©²´Î´Î.°"±Y½4²´�¶�¬QÎ�µu�²�¬E»N¶ÃÈ,Àz¬�½?¶�ÂW°qÎ´²o»Nì¿°"»Y±Tz¯N®'»Õ¶�µY¾N¶�®ed8µY®G»1�¶�µN½T½4²�»Yìt¬QÈa¶�¬"Î�µP�²�¬�»Y¶GÏ"�y²´Àz¶�
Èç¬"À4z¯Y®î¶�Âg°gÎ´²�»Nì ¶�¬QÎ�µu�²�¬E»[É6z¯N®î¾¬EµN»N±J°qÀ�¸L°Q»N± ²�»P²´�²�°qÎ©ÂG¬E»N±P²´�²o¬�»N¶`¯b°Q±Lz¬|¾®î²�»1·�°gÀ�²,°"»1TµN»Y±N®~ÀÑz¯N®
¶�Âg°gÎ�®¿È�°"Â�z¬"ÀjÒ¨Ô S¹ º¼»Y½B³ z¯P²�¶t²�¶�µN¶�µJ°qÎ´Î´¸lz¯N®¿ÂW°"¶�®ÑÈ�¬QÀ ²�»5bb»u² �®Ñ±N¬E½º°g²�»N¶�ï�²´z¯ �'®�À�¬«�bµPû¨Â'¬�»N±P²´�²�¬�»Y¶
°qµ´2¶· ´aôn��Ï � ®'ÂG¬E»N±[É]z¯N®`¶�µY½T½4²�»Yìî½Õ®�z¯N¬8±ðï�¬"À�²u¶�ïä¯N®G» ®g°QÂz¯L¶�¬QÎ�µu�²�¬E»|z¯b°gj²�¶jz¬m¾®Õ¶�µY½Õ½T®'±
°qÎo¶�¬î¶z°g�²�¶�bb®'¶ ¶�ÂW°qÎ´²�»Yì ³ z¯N®�Àz®~Èç¬"Àz®jz¯N® ²�»u²´�²,°qÎªÂ'¬�»Y±u²´�²�¬E»N¶äÈç¬"À z¯N®eíb°gÀ��²�ÂGµPÎ,°qÀtíPÀz¬�¾uÎ�®'½ ½¿µY¶��°qÎ�¶�¬î¾®
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