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É ¸~²�¿Ê¹~ºa·6Ë
·�¸~´�Ë
·½¼�¹�µÌÁv·b²"¾h¹~º.·�Ã,Â"Ín¾�¸�Â"¿|·"ÎH¹~ºa·�Ã,ÂH¹�¹�µ�¼'·�Â"ËaË
·�Â�¸~´r¹~²�¿|²}Áv·�ÏOµÌ¹~º�¹~º.·�Á1·�ÃD²[¼�µÌ¹¯ÐÒÑ=¿ÓÂ�¸�Ôv·�¸
ÂH¹~²�¿|´½ÅÖÕ
× ·'¼�ÂiØ.´�·iÎ

Ù�ÚÜÛ+ÝÞÝÞß%àcáâ ã�ä�å â
æ^çÇâ è+éHê~ëHì
¹~º.·�Â"Ë.ËjÂH¸~·'³1¹�íjØ[îÓµ�³À¹~ºa·�Ã,ÂiÍ�²i¸�ÂH¹~²i¸�Ð^¾�¸�Â"¿|·�µ�´

Ù ÚÖÛ=ïâ ã�ä¬å âtæ|ç~â|ð;ñHò Û¯ó�ô�ácó ç~â è+éHê / ì
õ ºa· ¿gÂH¸�Ô1·�¸¥Áv·�Ã�²8¼�µÌ¹¯ÐB¿ªØa´=¹�Í
·�¸~·�Ã,ÂH¹~·'¶À¹~²z¹�ºa·¬Á�Âi¼�Âi³.¼�ÐgíKØ8î�ö

÷Ù�ø è�ù ¸~·�Â ì�úüû ã ³8Øa¿ªÍ
·�¸�²"¾�´=µÌ¹~·'´�¶a·½´=¹�¸~²}Ð1·½¶
ã
³8Ø.¿zÍ�·�¸�²i¾ ù Â"³a¶ ×Á1²"Ã�Øa¿|· è Áv²iÃ�Ø.¿|·¬´=Ï�·½Ë[¹ ì

ã è+çÇâ^ðQç�ý�ì¯ñHò Û¯ó�ô�ácó è�ù ¸~·}Â ì¥úüû
è+éHê�þ1ì

õ ºa·�¸~·�¾�²i¸~·

ñHò Û¯ó�ô�ácó ã
Ù ø

çÇâ^ð�ç�ý ã�ä
Ù â ð Ù ý
ç~â^ðQç�ý è+éHê+ÿ8ì

� Øh¹�¹�µ�³��ü¹~º[µ�´�µD³v¹~²����jÅ é�ê / Î

Ù ÚÖÛ=ïâ ã_ä¬å â ç�ý
ç~â|ðQç�ý æ|ç â ð å ý

ç~â
çÇâ^ð�ç�ý æ|ç ý è+éHê�é1ì

� ¾	� ø µ�´O´�¿gÂHÃÌÃ�ÎKÂi³.¶Ó¹�²
��²8²8¶WÂiË.Ë[¸~²½î[µ�¿ÓÂ�¹�µ�²�³ æ|ç~â ã�ä æ|ç�ý ö

Ù�ÚÜÛ�ïâ ã�ä è å â � ý|ð å ý � ârì=æ^çÇâ è+éHê��1ì
Ï�º[µ�¼~ºÀµ�´�
lÂH¸�Ôv·'³��Ö´�·��8ØKÂ�¹�µ�²�³BÂi³.¶À¶a·��j³.·'´�¹~º.·¬µD³v¹~·�¸~¶hµÌ»rØa´�µÌÁ8µÞ¹�Ð��å ¾�²i¸l¶[µÌ»rØ.´=µ�²�³gµ�³WÂi³BÂHÃÌÃ�²}Ð�Å9��l>£§£:��4  5a:��¬:¯7.:¯>�5
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�·��K³[µÌ¹�µ�²�³a´lÂi³.¶��O·�Ã,Â�¹�µ�²�³.´�¾c²"¸ 
�µÌ»tØa´=µÌÁ8µÌ¹�µ�·½´
P
sRp `6I
T !BNapqU fgUhT�Nh\HA�IKJ fgU8M+U1o"U8JGe1U#"to"N.pqU
�å � ³1¹~·�¸~¶hµÞ»tØa´=µ�²�³W±¥²8·�$^¼�µ�·½³1¹ ÷Ù ÚÖÛ=ï ã ä �å æ|ç % ÂiÍ
²"¸�ÂH¹~²i¸�Ð�å µ�´�¹~º.·ü¼'²�¿|Ë
²�´=µÌ¹�µ�²�³ ê ¶.·'Ë
·½³a¶.·'³1¹¬¶hµÌ»rØ.´=µ�²�³�¼½²8·�$^¼�µ�·'³v¹n¾c²"¸�¹~º.·níjØ[î ²i¾�¼'²�³a¼½·'³1¹�¸'Â�¹�µ�²�³ µ�³qÂg¿zØhÃÌ¹�µ ê¼½²�¿^Ë
²�³.·'³v¹OÂHÃÌÃD²}Ð�Å
å ß � ³1¹�¸ÇµD³.´=µ�¼&
�µÌ»tØa´=µÌÁ8µÌ¹�Ð ÷Ù ÚÖÛ+Ý%ÝÞßÞàcáß ã�ä¬å ß(' à�)'�* % Â�¹�¹ÇµD¼½·÷Ù ÚÖÛ=ïß ã�ä¬å ß�' à+)'�* ð;ñ8ç ß % ÂiÍ
²"¸�ÂH¹~²i¸�Ð�å ã � â å ýgð � ý å â
å ß µ�´6¹~º.·O¶[µÌ»rØ.´=µÌÁ8µÌ¹�Ðz¹�ºjÂH¹�µ�´b¸~·�Ã,Â�¹~·½¶w¹~²�¹~º.·O¼½²�³.¼'·½³1¹�¸�Â�¹ÇµD²�³��"¸�Âi¶hµ�·'³1¹6¹~ºh¸~²�Ø,��ºz¹~º.·Oºhµ�´=¹~²i¸ÇµD¼�Â�ÃK¾c²"¸~¿�²"¾É µ�¼�Ô-�Ö´.�a¸�´=¹YÃ,Â'ÏnÅ ñ µ�´R¹~ºa·�Áv·�Ã�²8¼�µÌ¹�Ðª²i¾h¹~º.·�Ã,Â�¹�¹�µ�¼½·¥ËhÃ,Âi³.·'´GÏOµÌ¹~ºn¸~·'´ÇË
·'¼�¹Y¹~²O¹~º.·�Ã�Â"Í
²"¸�Â�¹~²"¸�Ð ¼'²8²"¸~¶[µ�³KÂH¹~·'´'Åõ ºa·¬Ã,Â�¹�¹�µ�¼½·�¾�¸�Â"¿|·�µ�´/�hîa·½¶À¹~²z¹~º.·¬¼�¸�Ðh´=¹�ÂHÃRÃ,Â�¹�¹�µ�¼½·üÂi³.¶À¼}Â"³ ¿^²}Á1·¬¸~·�Ã,ÂH¹�µÌÁ1·�¹�²z¹~º.·lÃ,Â"Í
²i¸�ÂH¹~²"¸�Ð|¾,¸�Âi¿|·
Ï�µÌ¹~º Áv·�Ã�²8¼�µÌ¹�Ð ñ Å õ º.·0� ß Â�¸�· ¹�ºa·ü¿^²iÃ�·n¾�¸'Âi¼�¹Çµ�²�³.´'ö1� â ã ç~â32vè¯çÇâÓð�ç�ý�ì Å õ º.·n¸~·�Ã,ÂH¹�µ�²�³.´�º[µ�ËW¹~²|¹~ºa·µ�³1¹�·�¸~¶hµÌ»rØa´�µD²�³À¼'²8·�$|¼�µ�·'³1¹�µ�´�¾�²i¸�Íhµ�³jÂH¸�ÐÀÂHÃÌÃ�²}Ðh´'Å
å54ß 6 ·�ÃÞ¾ ê 
OµÌ»rØa´=µÌÁ8µÌ¹�Ð å ß ã è�ë�ð '87:9<; )'=7:9 à+) ì å54ß

��µÌ¹~º.·�¸�¾,¸�Âi¿^·�¼�Âi³BÍ
·�Ø.´�·½¶
å 4ß µ�´�¹~ºa·6µ�³1¹�¸�µ�³.´=µ�¼�´�·�ÃÞ¾ ê ¶hµÞ»tØa´=µÌÁ8µÌ¹�ÐªµD³4Â¬ºa²�¿|²>��·½³a·½²�Ø.´�´�²"Ã�Ø[¹�µ�²�³�Å ù Ã�´�²�¼�Â�ÃÌÃ�·½¶w¹~º.·bµ�´�²"¹~²�Ë�·�¶[µÌ»tØa´=µÌÁ8µÌ¹�Ð�Î¸�·�íK·'¼�¹Çµ�³,�ª¹~ºa·¬¹¯ÐhË�·l²"¾�¶hµÌ»rØ.´=µ�²�³À·~î.Ë
·�¸�µ�¿|·½³1¹~´¥Ïlº[µ�¼~ºB¿|·}Â"´�Øh¸~·�¹~º.· ´�·�ÃÌ¾ ê ¶hµÌ»rØ.´=µÌÁ8µÌ¹¯Ð�Å

XB = 0 XB = 1

DA

DB

D
~DA

*

DB
*

É µ?��Øh¸~· é�ê~ë öA@CBED=F=G>H:IJD=K1B?L<FMB?L�NOL<PJQRD�Q�HTSUPVSMWXQ�GYLZI[SU\0F>S�N�H Q�HTSUPZ]=L<F�L<PY]=L<PYI�L^S<WXQ�GML`_<DMBaH:ScbYN]UH debYN�H _>H Q(H:L[N[f
¢ ¤b7.:=¤�� ¤CgÀ¢ 3 �a¨ > � «Q7h¤�< 5
% Â"´=¹O¹�µ�¿^·iÎKÂi³À·��8ØjÂH¹�µ�²�³À¾�²i¸O¹~º.·nÂ'Áv·�¸�Â<��·¬Á1·�Ã�²8¼�µÌ¹�ÐB²i¾bÂÄµ�³.·�¸�¹gÑ�¿gÂH¸�Ô1·�¸~ÕªÂ�¹~²�¿ ÏOÂ"´O¶a·�¸�µÌÁ1·½¶�ö

ñ ò Û¯ó�ô�ácó ã
Ù ÚÖÛ+Ý%Ýø
çÇâ^ðQç�ý ã�ä

Ù ÚÖÛ+Ý%Ýâ ð Ù ÚÖÛ+Ý%Ýý
çÇâ^ð�ç�ý è+éHê 0 ì
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i ´=µ�³��z¹~º.·l¸~·�Ã,Â�¹�µ�²�³a´Çº[µ�Ë.´�¾c²"¸O¹~º.·�µ�³1¹�¸ÇµD³.´=µ�¼n¶hµÌ»rØ.´=µÌÁ8µÌ¹¯Ð�Î

ñHò Û�ó¯ô�á�ó ã å â æ|ç â ð å ý æ|ç ýçÇâ^ðQç�ý è+éHê Æ ì
j : �.¨ >��lk¬3�­�­0mn�ª>��
7
É ²"¸¬Âz³hµ�¼'·Äº[µ�´=¹~²"¸�µ�¼}ÂHÃR¶[µ�´�¼½Øa´Ç´=µ�²�³B²i¾G¹~ºa·po�µÌ¸�Ôv·'³.¶KÂ�ÃÌÃG·�»r·½¼�¹}Î.´�·½·

º1¹�¹~Ërörq�q}ÏOÏOÏnÅ�¹~¿^´'ÅÖ²i¸(�cq�Ë.Ø.Ía´�qts=²�Ø[¸~³.ÂHÃ�´�qMucvxwyq �v0 h>� q<z�Â�Ô�ÂYs¯µ�¿gÂ ê �10 h�� ÅÖº1¹~¿wÃ�Å õ º[µ�´¥Ï�·'ÍhÃ�·�¹�¶.²8·½´�Âz³hµ�¼'·s=²�Íq²i¾�¶a·½´�¼�¸ÇµDÍhµ�³�� ¹~º.·Äµ�³1¹�·�ÃÌÃ�·'¼�¹~ØjÂHÃ�¸~·'´=µ�´=¹�Â"³a¼½·w¹~²g¹~º.·w¼½Ø[¸Ç¸~·'³1¹üØ.³.¶a·�¸~´=¹�Â"³a¶hµ�³,�|¹~ºKÂH¹�¹~º.·w¿^²i¹�µ�²�³�²i¾
¿gÂH¸�Ô1·�¸~´Oµ�´�¸~·�Ã,Â�¹�·'¶ ¹~²|¹~º.·n¶hµÌ»r·�¸~·½³a¼½·'´ è�{ µ�³a¼ªºKÂi´¬Â"³ µ�³1¹�¸�µ�³.´=µ�¼z¶hµÌ»rØ.´=µÌÁ8µÌ¹¯ÐÒÂiÍ�²�Øh¹ / Å é ¹�µ�¿|·½´�¹~ºjÂH¹¬²i¾±¥²�ËaË
·�¸üÂH¹n¹~º.·z¹~·½¿|Ë
·�¸�Â�¹~Øh¸~·ü²"¾�¹~º.· 6 ¿wµ?��·�Ã�´=Ô�Â"´ ê o�µÌ¸�Ôv·'³.¶jÂHÃÌÃ�·~îaË
·�¸�µ�¿|·½³1¹}Î 0iÆ é�| ± ì µD³�¹~º.·zµ�³1¹Ç¸�µ�³a´=µ�¼¶hµÌ»rØa´=µ�²�³À¼'²8·�$|¼�µ�·'³1¹~´�¶.Ø[¸�µ�³��üµ�³1¹~·�¸~¶hµÌ»rØ.´=µ�²�³gµ�³WÂi³WÂ�ÃÌÃ�²}Ð�Å

É µ?��Ø[¸~· é�ê / ö�}>~�F>L<BaH�\�L<PJQRD>KcNOL�Q��tb=F5D>PM]�]8DJQRDxW�B?SU\�Q�GML5��H�B+��LMPY]cD>K�K8L�~�F>LMBaH�\xLMPJQ�f

É µ?��Ø[¸~· é�ê�þ ö���DJQRDlW�B?SU\�Q�GML5��H�B+�(L<PY]8D=K�K=L�~�F>LMBaH�\xLMPJQ�f
õ ºa·�¿^·'¼~ºjÂ"³hµ�´�¿?Í
·'ºhµ�³a¶4¹~ºa·�¿ÓÂ�¸�Ôv·�¸�¿|²"¹�µ�²�³^¼}Â"³ÀÍ
·�Øa³.¶a·�¸~´=¹~²8²8¶4ËaºvÐh´=µ�¼}ÂHÃÞÃÌÐÓÍ1Ðw¹~º.·O¸~·'¿^²}Á�Â�Ã�²i¾

Ã,Â�¹Ç¹�µ�¼'·4Ë[Ã,Â"³a·½´�Í1ÐWÁ�Âi¼�Âi³.¼�ÐqÂ"Ía´Ç²i¸~Ëh¹�µ�²�³ ¶.Øh¸�µ�³,�g¶hµ�´=Ã�²8¼�Â�¹�µ�²�³d¼�ÃÌµ�¿zÍ�²�³ ¹~ºa·ª´=µ�¶.·z¹�²}ÏOÂH¸~¶a´�Ï�ºhµ�¼~ºÒ¹~º.·
¿gÂH¸�Ô1·�¸O¿^²}Á1·½´OÂi³.¶g¹~º.·�·'¿4µ�´�´=µ�²�³B²i¾GÁ�Âi¼�Âi³.¼�µ�·½´�Í1ÐÀ¼�ÃÌµ�¿ªÍB²�³g¹~º.·�²"¹~ºa·�¸}Å
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v

j1 + j2 + jV = 0 

v

x

c 1
(x

)

→ → →

j2
→→→→→jV

→→→→
j1 
→ j1

→
j1  
→
j1  
→
j1  
→
j1 
→

É µ?��Ø[¸~· é�ê+ÿ ö/��K�K�bYN�Q�BEDJQ�HTScPpSMW	Q�GYL
K�D�Q�Q(H:I[LX\�L�IMG<D=P>H:N�\�WaS=B3Q�GYL���H�B+�(L<PY]8D=K�K�L�d�L[I�Q�f

� ²}Ï�·�Á1·�¸}Î¥¹~º.·#o�µÌ¸�Ô1·½³a¶KÂ�ÃÌÃ�·�»r·½¼�¹^¼}Â"³�Â�Ã�´�²�Í
·g·�îaË[Ã,ÂHµ�³a·½¶QÏOµÌ¹~º�ÂBÁ1·�¸ÇÐQ´=µ�¿|ËhÃ�·ÀÂ"³jÂHÃ�²��"Ð;¹~² ¹�ºa·
µ�³1¹~·�¸~¶[µÌ»tØa´=µ�²�³;²"¾�¹¯Ï�²`�vÂi´�·½´zÏOµÌ¹~ºu¶hµÞ»t·�¸�µ�³�� ¶[µÌ»tØa´=µÌÁ8µÌ¹�µ�·½´'Å � ³q¾�Â"¼�¹}Î6¹~ºhµ�´üË.ºa·½³a²�¿|·'³.²�³dÏ�Âi´üÔh³.²}Ï�³
Í
·�¾c²"¸~·l¹~º.·0o�µÌ¸�Ô1·½³.¶jÂHÃÌÃR¼'²�³v¹�¸~²}Á1·�¸~´=Ð�Å
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PA
������
������

PA PB
PAPB

������
������

PA
PB

diffusive membrane

PB

initial conditon

É µ?��Ø[¸~· éHê�é ö���K�K�bMN�Q�BEDJQ�HTSUP�SMW8Q�GYL���DYN�],H debMN(HTSUP�D=P<D=K S>�M�eQ�S1Q�GYL/��H�B+�(L<PY]8D=K�K�L�d�L�I�Q�fe�-b=F=F>S>NOLeSUP=K �Q�GYL ����DYN�I�D=Pl],H debYN�LlDYI<B?S�NON�Q�GMLp\xLM\0�<BED=PYLM�UQ�GYL<PXD=P�H�P>H Q(H�D=KYN��YN�Q�LM\�Q�G<DJQ HTN¡H�P5\�L�IMG<D=P>H:IJD=K
L[¢�b>H�K�H��<BaH�b�\£SUP�Q�GYL¤KTL�WEQx¥ H�K�K�]=L�_YLMKTScFnD¦N�F>ScPJQRD=PYL[SUbYN�FMB?L�NON�b=B?L§]UH d�LMB?L<PYI[L¦DYNXH�K�K�bMN�Q�BEDJQ�L[]�ScP
Q�GYL
BaH:�cG�Q[f

PA
¨Z¨¨Z¨
¨Z¨¨Z¨
¨Z¨¨^¨Z¨^¨Z¨Z¨
¨Z¨^¨Z¨Z¨^¨Z¨^¨Z¨^¨¨^¨Z¨Z¨^¨Z¨^¨Z¨^¨¨^¨Z¨Z¨^¨Z¨^¨Z¨^¨

¨^¨Z¨^¨Z¨Z¨PA PB
PAPB

¨Z¨¨Z¨
¨Z¨¨Z¨
¨Z¨

¨^¨Z¨^¨Z¨^¨Z¨Z¨^¨¨^¨Z¨^¨Z¨^¨Z¨Z¨^¨¨^¨Z¨^¨Z¨^¨Z¨Z¨^¨
PA

PB

Membrane moves

PB

¨^¨Z¨^¨Z¨Z¨^¨¨^¨Z¨^¨Z¨Z¨^¨

Cavitation

©�ª?«>¬c­(®x¯�°�±8²1³ ´-µ�¶Y· ¸�·M¸0¹<ºE»=¼Y·�½�»>¼X¸�¾<¿Y·lÀt¹�Á »=¼<»=Â ¾>ÃMÁ µO¾ µ�¶Y·&¸ »Mº+Ä(·<º�»JµO¾U¸�Å�Æ�Ç µ.È Ç�Â�ÂYÉ�¾lÅO¾&µO¾
·[Ê�Ë>Ç�Â�Ç�¹<ºE»JµO· µ�¶M·�ÌMº?·�ÅOÅ�Ë�º?·�Í�³ ´�µ�¶M·5¸�·<¸0¹<ºE»>¼M·X½J»=¼=¼Y¾<µl¸�¾<¿Y·<Î-µ�¶M·M¼¤Ç µxÇTÅ0Ì>¾>ÅOÅ(Ç�¹=Â ·&´Ï¾=º	µ�¶Y·&Ð-Ë>ÇTÉ
¾U¼0µ�¶M·
ÂT·�´Ñµ�µ�¾5½�»�¿>Ç µt»Jµ�·�Í
ÒaÓ�ª?Ô�Õ�Ö?®J×�­¦ØÑ­(Ù>ÚÛÓ(Ü�®�ÝÞ«>¬c­(®�Ô
Ó�ÜÞ×YÓJß�ª?àá×`ÖE×�ÓtÓRªâÕ�®Mß�Ó(Ü�®�­(®§ã/ªäÖäÖ�å-®#Õ�Ù�à=Ót­tª?å�¬UÓtª?Ù�àæÙ<Ø ÔOÓt­(®�ÔtÔ
Ó(ÙçÓ(Ü�®

è ­tªäé8ª?à,«XØaÙM­(Õ�®lØÏÙ<­ è ªrê�¬,ÔOª?Ù>à�ë

ìVí�î1ïUðÞñ�ò0óxïÞñOí�îôíCõçö/ïUðU÷�øcøæï,íúùûñýü�ólø�ñOí�î
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þ�ÿ��������	��

���������������	�����! �"#�$ %"'&)(*�+���),-"#./�!��"-.0.1,2�3�4�$����5�6*�$�����7�
�98:� ;<6�.$������=
>@?�ACB ÿ�DC�$�FE�GC�IH%DCDUÿJEtÿ ?�A H4KLDcÿ BNM � BOB ÿ ?�AP?�Q �!KRH B Etÿ M E��$��S B H4��� ÿ A:M K��:DC�-D ÿ A E ? HTE�GC�$��S ? D3U A H%S�ÿ MQ �!H%SV�$W ? �OXVE�GYH�EZH�[:[\�4H4� B H4E1E$G:�#� A D ?%Q K]� M E������_^a`cbdE1WeH B1B G ? W A E�GfH4E*�g#h3i�jkhmlonqp\rshat
rfuqv	haw'xyn z{ r)|!h'z} r)| ~���
+���WZGC�$���_v�ÿ B ~dS�ÿ A � B �<E�G����-�ZEtÿ�So� B E�G:�ZEO�!H M � ?%Q E�G:� B EO��� BOB E�� A:BO? ��~�E�GC��GaU�D3� ?mB E!H�Etÿ M [���� BNB �3���%�N�Cw x jh��c���£ÿ B E$G:�#DcÿJKsH�Etÿ ?�A ��H A D�z} H A Dqz{ H����#E�G:�LD:�!�8ÿsH4E ? �tÿ M7B EN�!H�ÿ ACB H A D B EO��� BOB � B `

b Q E�GC�7� A EN� ? [�U�[3� ? DC� M Etÿ ?mA ÿ A E�GC�7H�� B � ACM � ?�Q GC�*H�E�� ? W�ÿ B1M-?mACB ÿ�D:�!���-D��
g��{ j�n	�3�O�9p���u����O�����ovkn��m�d�!�d�/�!� z{ r)| ~��4
�¡4¢��>@?�ACB ÿ�DC�$�tÿ A �TE�GC� M2? S£�Uÿ A �2D��!¤�� M E ?%Q E�G:�¥S ? Etÿ ?�A¦?�Q H A ÿ A E��!� B EtÿJEtÿsH4Kd� ?�A � M H A H BOBO?�M ÿsH4E��§E$G:��mH��tÿ ? � B �f��¨©E��$��S B W/ÿJE�GªH B ÿ A ��K]�_DcÿJ¤�� B ÿ A � B [�� M ÿ]� B ��ÿd`«�%`J�� �O��� jkw9¬®­ � ­ �0� � �� �d�!�d�/� jkw©z} ­ � ­ �0� � � ~��4
�¡m¡��
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� ³ ²"¹~ºa·�¸�Ï�²"¸~¶.´'Îh¹~ºa·Ä¶[µÌ»rØ.´=µ�²�³WÂH¹~²�¿^´O¼}ÂH¸�¸�µ�·'´¬Âw¶hµÌÃ,Â�¹�µ�²�³ Â"³a¶ÒÂw´=¹�¸'Â�µ�³WÂ�Ã�²�³,�wÏ�µÌ¹~ºÓµÌ¹}Å � ³B¹~º[µ�´O¼�Âi´Ç·iÎ
¹~º.·l·½³1¹�¸~²�Ë1ÐÀË[¸�²8¶aØ.¼�¹�µ�²�³|µ�³`���jÅ éHê~ë / ¼}Â"³ Í�·l¾)Âi¼�¹�²i¸~·½¶�ö

¯T°± ã_ä è+æ9²�³ ä ç2³�úV³
´�æoµ�ð�ç-³�ú �¶ ³=æ �± ß¸· ì Ù ³ è+é�ê~ë / ì
õ ºa·B¹~·�¸~¿ µ�³a´�µD¶.· ¹~º.· ËKÂH¸~·'³1¹~º.·'´=µ�´gÍ�·'¼'²�¿|·½´|¹~ºa· ��·½³a·�¸�ÂHÃÞµ�¹½·'¶Ê¶h¸�µÌÁ8µ�³��d¾�²i¸~¼½· ¾c²"¸À¶[µÌ»tØa´=µ�²�³�º µÌ¹

¼'²�³1¹�ÂHµ�³a´O¼~º.·'¿4µD¼�Â�ÃRËhÃ�Ø.´O·�Ã,Â"´=¹�µ�¼�¹~·�¸�¿|´'Å
v�¾,¹~·'³L¹�ºa·W¶a·�Á8µ,Â�¹~²"¸�µ�¼ ¹~·�¸�¿|´|¼�Âi³ Í
· ³.·[�"Ã�·'¼�¹�·'¶rÎl¾�²i¸gµ�³.´=¹�Â"³a¼½· ¾c²"¸BÂi³yµ�³1¹~·�¸~´�¹�µÌ¹�µ,Â�Ã¬µ�³�Âu¼'Ø.Í[µ�¼

¿gÂH¹~·�¸Çµ�ÂHÃ�Îhµ�³Ó¹~ºhµ�´�¼�Âi´�· è Âi´�´�Ø.¿wµ�³��nµ�¶a·�Â�ÃG´�²"Ã�Ø[¹�µ�²�³ ì ö
Ù ³ äLä7» ³'è�¼ ¯ æ|ç2³ ä ú½´Oç-³�æoµüì è+é�ê~ë�þ1ì

« k&kl>��lk  �< �
� 7 � >�5[58>�5\¾�9��¬> � < ¤�k¬®��l36< :=�r5q36�lkÀ¿£ �<ÂÁz> � ¤�g©Ã8�lk¬> � >��lkl>���7IÄ 3 � :¯3ÅÁü­¯>�5�:=�ÀÆ<Ç]È
6 ²�¿|·�¹Çµ�¿|·b¹~º.·�¸~·�µ�´b¼½²�³h¾�Øa´=µ�²�³gÂ"´�´�²8¼�µ,ÂH¹~·'¶|ÏOµÌ¹~º4º.²}Ï ¹�²�µ�³a¼�Ã�Øa¶.·O´=¹�¸~·½´�´6Ë[¸~²�Ë
·�¸ÇÃÞÐüµ�³1¹�²�¹~º.·O¶[¸�µÌÁ8µ�³��¾c²"¸~¼½·iÅ�¹~º.·�´=¹�¸~·½´�´�¹~·'³.´�²i¸ ± ß)É Å õ ºhµ�´bµ�´�³a²"¹6¸~·}ÂHÃÌÃÞÐ^ËKÂ�¸�¹6²"¾rÔ8µ�³a·�¹�µ�¼'´�ÍaØh¹6¹~º.·�¸~¿|²8¶hÐh³KÂi¿4µ�¼'´'Î�Í.Ø[¹�Â0��²8²8¶�8Ø.·'´=¹�µ�²�³À³a²�³a·�¹~º.·�Ã�·'´�´½Å
6 ¹�¸~·½´�´nµ�´4Ân��·'³.·�¸�ÂHÃÌµ�¹'·'¶QÏ�Â'Ð�¹~² ¹�º[µ�³hÔq²i¾�Ë[¸~·½´�´�Ø[¸�·wµ�³Q¿gÂH¹~·�¸Çµ�ÂHÃ�´n¹~ºKÂ�¹ü¼�Âi³È´�ØaË.Ë
²"¸�¹n´�º.·}ÂH¸~´+º�ÂíKØ[µ�¶ µ�´ÄÂi³ ·�îjÂi¿^Ë[Ã�·ü²"¾�Â^¿ÓÂ�¹~·�¸�µ,Â�ÃG¹~ºKÂ�¹ ¼}Â"³a³.²i¹ ´�Ø.´=¹�ÂHµ�³�Âg´�ºa·�Â�¸ÄÂ�¹ ·��8Ø[µÌÃÌµ�Íh¸�µ�Øa¿BÅ ù ´nÂg¿ÓÂ�¹�¹~·�¸¬²i¾¾�Â"¼�¹�Î8¹~ºa·�¸~·Oµ�´�Âü³hµ�¼'·¬Ë[¸~²[²i¾
µ�³¥Ê�µ�Í.Ía´�¹~ºKÂ�¹�´�º.²}Ï�´�¹~ºjÂH¹¥¹�ºa·OÃ�²}Ï�·'´=¹�·'³.·�¸(�"Ð|´=¹'Â�¹~·�²"¾�Ân¿ÓÂ�¹~·�¸�µ,Â�ÃKµ�´¥²�³a·

¹~ºKÂ�¹�µ�´�µ�³ Ë.Ø[¸�·�º1Ðh¶h¸~²�´=¹'Â�¹�µ�¼¬´=¹�¸~·½´�´ è Ë.Ø[¸~·¬Ëh¸~·'´�´ÇØ[¸~· ì ÅË ·nºjÂ'Áv·nÍ
·½·'³ÀÏO¸�µÌ¹�µ�³��z¹~º.·l¹~º.·�¸�¿|²8¶[Ða³jÂ"¿wµ�¼�¸~·�Ã,Â�¹�µ�²�³ ¹~ºKÂ�¹�¸~·�Ã,ÂH¹~·'´O¹~º.·l�8ØKÂi´=µ ê ´�¹�Â�¹�µ�¼n¼~ºKÂi³���·'´�µ�³¹~º.·l·½³1¹�¸~²�Ë1ÐBÂi³.¶g¹~º.·lµ�³1¹~·�¸~³jÂHÃR·'³.·�¸(�"ÐÀÂ"³a¶À¹~º.·�Á�ÂH¸�µ�²�Ø.´�Ï�Â'Ðh´�¹~º.·�´=Ðh´=¹~·½¿ ¼�Âi³BË
·�¸Ç¾c²"¸~¿ Ï�²"¸�ÔBÂi´'ö
¯#Ì�Í ã Ì�Î äÐÏ ß Ì:Ñ ß è+é�ê~ë½ÿ8ì

Ï�º.·�¸~· ¹~ºa· Ï ß ÌCÑ ß Â�¸~·n¹~º.·�Á�ÂH¸�µ�²�Ø.´OÏOÂ'Ðh´¬Â4´=Ðh´=¹~·'¿ ¼}Âi³W´=¹~²"¸~·�Ï�²i¸�Ô
Å É ¸~²�¿ ¹~º.·�¹~º.·�¸~¿^²8¶[Ðh³KÂi¿4µ�¼'´�²i¾
�aîa·'¶À¼'²�¿|Ë
²�´=µÌ¹�µ�²�³^íKØhµ�¶a´+Ò1Ï�ºhµD¼~ºgµ�´�Ø.´�ØjÂHÃÌÃÌÐg¹�ÂiØ���º1¹}Î8¹~ºhµ�´�µ�´�ÏO¸�µÌ¹�¹~·½³ Â"´'ö

¯7Ì�Í ã Ì�Î ðqµ Ì�Ó è+é�ê~ë�é1ì
µ�ÅÖ·iÅ�¹~ºa·ÄË[¸~·½´�´�Øh¸~·�¼½²�¿|·½´Oµ�³ ÏOµÌ¹~ºWÂz¾�Øa³.³1ÐÀ¿wµ�³8Ø.´O´=µ?��³ ¼'²�¿|ËKÂ�¸�·'¶À¹~²z¹~º.·n²"¹~ºa·�¸OÏ�²i¸�ÔÀ¹~·�¸~¿|´OÂ"´Oµ�³ Â
¿|²"¸~· ��·½³a·�¸�Â�ÃR¼�Âi´�·"ö

¯#Ì3Í ã Ì�Î ä Ó ± ß)É Ì ¶0Ô · ä Ó�Õ\Ì�Ö ä Ó�× ß Ì�Ø ß ä ² ß ÌaÙ ß è+é�ê~ë��1ì
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� ³Ó¹~º.· ÂiÍ
²}Áv·�·��8ØKÂ�¹�µ�²�³�Î«ÚOµÌ¹OÏ�²�ØhÃ�¶ÀÍ
·nÂª¿wµ�´=¹�ÂHÔ1·¬¹~²wÂ"¶.¶Ó¹~º.· µ Ì�Ó ¹~·�¸�¿ ÅË ·ªÂ�¸~·ü¼½²�³.´=µ�¶.·�¸�µ�³��w¹~º.·ªÂiË.Ë
·}ÂH¸�Âi³.¼½·n²i¾�¹~ºa·ü´=¹�¸�·'´�´O¹~·�¸~¿ µ�³ ¹~ºhµ�´��8Øa·½´=¹�µ�²�³rÅ ±¥²�³a´�µ�¶a·�¸�¹�ºa·�¹�·�¸~¿
¸~·½Ë[¸~·½´�·'³1¹Çµ�³,�4´=¹�¸~·'´Ç´'ö

± ßÛÉ ã Ï ß� É è µ�ÅÖ·"ÅÌÎ ± *�Ü ã Ï *� Ü ã ± *�Ü ã
÷ÏPÝ%ÞÔ÷� Ý Þ¼ ì è+é�ê~ë 0 ì

x

y

z

σyx

σzx

σxx

σyy

σzy

σxy

σyz

σzz

σxz

σ21

σ31

σ11

σ22

σ32

σ12

σ23

σ33

σ13

É µâ��Øh¸~· éHê Æ ö���K�K�bYN�Q�BEDJQ(H:ScP&S<WeN�Q�B?L�NON�ScP5D>PpS=BaHTL<PJQ�L[]�_YSUK�b=\xLlLMKTLM\xLMPJQ�f

± ß)É ã
ßà ± *(* ± *Oá ± *�Ü± á(* ± áOá ± á$Ü± Ü�* ± Ü�á ± Ü+Ü

âã
è+é�ê~ë Æ ì

� ¹ µ�´nÂg¸~·[�8ØhµÌ¸~·'¿^·'³1¹ ²i¾�¿^·'¼~ºjÂ"³hµ�¼}Â�Ãb·[�8ØhµÌÃÌµ�Í[¸�µ�Ø.¿ ¹~ºjÂH¹l¹�ºa· ± ßÛÉ ¹~·½³.´�²i¸¬µ�´n´=Ðh¿|¿^·�¹�¸�µ�¼$º µÌ¹lµ�´ÄÂ�Ã�´�²Â���ØKÂ�¸�Â"³1¹~·½·'´|¹~ºKÂ�¹g¹�ºa· �8ØjÂ"¶[¸�ÂH¹�µ�¼À¾c²"¸~¿ ¾�²i¸À·½³a·�¸(�iÐyÂH¹À·[�8ØhµÌÃÌµ�Í[¸�µ�Ø.¿ ÏOµÌÃÌÃ ºKÂ'Á1· ¸�·}Â�Ã ·�µ?��·'³vÁ�Â�Ã�Ø.·'´'Î
Ï�ºhµ�¼~ºgµ�´�ÂÄÃÌµÌ¹�¹�Ã�·¬ÃÌµÞÔv·l¹�ºa·
v�³.´~ÂM��·�¸�´=Ðh¿|¿|·�¹�¸�Ð4º1ÐhË
²"¹~ºa·½´=µ�´'Å õ º.·¬´=Ðh¿|¿|·�¹�¸�Ðª¸~·'¶.Ø.¼'·'´�¹~ºa·¬³8Ø.¿zÍ�·�¸�²i¾
¼½²�¿|Ë�²�³.·'³1¹~´�¾�¸~²�¿ � ¹~² � Åõ ºa·�¸~·�µ�´6²�³.·O´�Ë
·½¼�µ,ÂHÃ
Â"³a¶4Á1·�¸�Ðª´=µ�¿|ËhÃ�·O¼}Â"´�·O²"¾r·�Ã,Â"´=¹�µ�¼�´=¹�¸~·'´�´½ÎhÂi³.¶ª¹~ºjÂH¹�µ�´6¼}ÂHÃÞÃ�·½¶|¹~º.·�º1Ðh¶h¸~²�´=¹'Â�¹�µ�¼
´=¹�¸�·'´�´'Å � ¹¬µ�´l¹~º.·ª¼}Âi´Ç·z²"¾�ËaØh¸~·üËh¸~·'´�´�Øh¸~·ªÂ"³a¶ ¹�ºa·�¸~·wÂH¸~·ª³a²Ó´�ºa·�Â�¸ è ²"» ê ¶[µ,Â<��²�³jÂHÃ ì ´=¹�¸~·'´�´�·½´'Å è µ�ÅÖ·"ÅÌÎ�ÂHÃÌÃ± ß)É ã h ¾�²i¸ Ôeäã · Î�Âi³.¶ ± ³/³ ã ±:å+å ã ±:æ+æ ì Å ù ³ ·��8Ø[µÌÃÌµ�Íh¸�µ�Øa¿ ´=Ðh´=¹~·½¿ ¼½²�¿|Ë�²�´�·½¶Ó²"¾6ÂªÍ
²8¶hÐ|µ�³ ÂüíjØhµ�¶
·½³1Á8µÌ¸~²�³.¿|·½³1¹�µ�´�ÂHÃÌÏOÂ'Ðh´�µ�³Bº1Ðh¶h¸~²�´=¹�ÂH¹�µ�¼¬´=¹�¸~·'´Ç´'ö

± ß)É ã
ßà ä µ h h
h ä µ h
h h ä µ

âã
è+é�ê~ë � ì

� ¾¬¹~º.· Í
²[¶[Ðq¹~ºKÂ�¹4µ�´gÍ
·�µ�³���´=¹�¸~·½´�´�·'¶�º1Ðh¶h¸~²�´=¹'Â�¹�µ�¼�Â�ÃÌÃÌÐQµ�´wµ�´�²"¹�¸~²�Ë[µ�¼"Î¥¹~º.·½³QµÞ¹�´w¸~·'´ÇË
²�³.´�·ÀµD´^ËaØh¸~·
¶hµÌÃ,Â�¹�µ�²�³ è µ�³B²"¹~ºa·�¸�Ï�²i¸~¶.´'ÎhµÌ¹�·~îaËKÂ"³a¶.´�²"¸�´�ºh¸�µ�³[Ôh´�Øa³hµÌ¾c²"¸~¿wÃÌÐÀÂ"³.¶^ÏOµÌ¹�ºa²�Ø[¹�´�ºa·�Â�¸ ì öç0è�é�ê1ê/ë4ìdí�îeï2ð�ñÛò�ó�ê�ì�ê+í�ó�ô®õ0ð!ó�ê@ö¸í�ð$ó÷ìdé�êcö]î!õ/ì®ìdé�îNì®ø�ê1î�í�ê�øyídù«ìdùÛú�û	ìdé�ê1ê+ë*ì�ê/ú�ô�ù«ï2ê1ê/ú-ìdí/ðNü2ýoþFùÛú�ô�ì�ê
î$ÿ½ðNöyìdé�êê+ú-ìdí�ð�ü-ýLÿ�ê/ú�ô�ù«ìRý�� �
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¶ ß)É ã
ßà ú�2"þ h h
h ú�2"þ h
h h ú�2"þ

âã
è+é�ê / h1ì

Ï�º.·�¸~·

ú ã
Ì�ÓÓ è+é�ê / ëHì

6 ²hÎh¾c²"¸O¹~º.·l¼�Âi´�·n²"¾�ºvÐh¶[¸~²�´=¹�ÂH¹�µ�¼l´=¹�¸�·'´�´'Îh¹~º.·lÏ�²i¸ÇÔ|¹~·�¸�¿ ºKÂi´�ÂªËjÂH¸�¹�µ�¼½Ø[Ã,ÂH¸�ÃÌÐg´=µ�¿|ËhÃ�·l¾�²i¸~¿Bö

Ó æ
�
ß�� ³

æ
�
É�� ³ ± ßÛÉ Ì ¶ ßÛÉ ã�ä µ ÌaÓÓ ± ßÛÉ Ì ¶ ß)É ã�ä µ Ì�Ó ´�Øa¿^¿gÂH¹�µ�²�³|¼½²�³1Áv·'³1¹Çµ�²�³

è+é�ê /�/ ì

õ º[µ�´�·~îaËh¸~·'´�´=µ�²�³gµ�´¥¹~º.·l´�Âi¿|·¬Â"´¥¹~º.·¬·'³.·�¸(�"Ðg¶.·'³.´=µÌ¹¯Ð4¾c²"¸�Âü¼'²�¿|Ëh¸~·'´�´=µ�ÍhÃ�·�íjØhµ�¶�Îa´�Øa¼~ºBÂ"´OÂi³gµ�¶.·}ÂHÃ
�vÂi´'Å

6 ²�¿|·�¹Çµ�¿|·iÎRË
·½²�ËhÃ�·wÃÌµÌÔv·|¹~²Óµ�³.¼�Ã�Ø.¶.·w¹~º.· µ Ì�Ó ¹~·�¸~¿|´¬µ�³d¹~º.·�¸~¿^²8¶[Ðh³KÂ"¿wµ�¼'´�²"¾O´�²"ÃÌµD¶.´üÍ
·½¼}Â"Øa´�·4µÌ¹
¿gÂHÔ1·½´¥¹~º.·'¿ ¾c·½·�ÃG¼'²�¿w¾�²i¸�¹�Â"ÍhÃD·"Å õ º.·lÏ�Â'Ð|¹~²4¶.²z¹~ºhµ�´�µ�´O¶a²4¶.·��K³a·�¹~º.· Ñ�¶a·�Á8µ,Â�¹~²"¸�µ�¼�´=¹Ç¸~·'´�´'öÖÕ

�± ß)É ã
ßà ± *(* ä µ ± *Oá ± *�Ü± *Oá ± áOá ä µ ± á�Ü± *�Ü ± á�Ü ± Ü+Ü ä µ

âã
è+é�ê / þ1ì

Ï�º.·�¸~· µ ã ¹�¸�Â"¼'· ± ß)É 2iþ ÅVzO²}Ï ´=µ�³a¼½·iÎ �± ßÛÉ µ�´4Â ´=Ðh¿|¿^·�¹�¸�µ�¼w¹�·'³.´�²i¸üÏOµÌ¹~ºÈÂ§¹½·�¸~² ¹�¸�Â"¼'·"Î�µÌ¹w²�³hÃÞÐuºKÂi´�.Á1·�µ�³a¶.·'Ë�·'³.¶a·½³1¹�¼½²�¿^Ë
²�³.·'³1¹~´½Î8Í.Ø[¹�¹~º.·l·�îaË[¸~·½´�´=µ�²�³g¾�²i¸�¹~ºa·¬´�·½¼'²�³a¶gÃ,Â'ÏÊµ�³g¹~·�¸~¿^´¥²"¾R¹~ºa·¬¶.·�Á8µ,ÂH¹~²i¸�µ�¼
´=¹�¸~·½´�´'ö

¯#Ì3Í ã Ì�Î ä Ó ± ß)É Ì ¶ ß)É ã ¯#Ì3Í ã Ì3Î ðÐµ Ì�Ó ä Ó �± ß)É Ì ¶ ß)É è+é�ê / ÿ8ì
´=¹�µÌÃÌÃGºjÂ"´�´=µÞîÓµ�³.¶.·'Ë
·½³a¶.·'³1¹O¹�·�¸~¿|´6¾c²"¸O¹~º.·�·�Ã,Âi´=¹�µ�¼n·½³.·�¸(�"Ð�Å


