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Å µy¯�¼¦¶y·.´bÆ
´�µy±�Æ
´º¹�¶�²Ç¾8´6¯h»g¶y·.´�Á'¿"Èn»�µ�¿"¼É´"ÊH¶y·a´�Á'¿H¶�¶�²�¹º´�¿"ÆaÆ
´�¿�µy±�¶y¯l¼É¯x¾8´�ËO²Ç¶y·n¶y·.´z¾1´�Á�¯[¹�²Ç¶�ÌÎÍ�¼Ï¿�µ�Ð8´�µ
¿H¶y¯�¼½±)ÃÒÑ
Ó ´)¹�¿hÔ.±�´"Ê

Õ×ÖÙØ�ÚÛÚÝÜÛÞ{ßà á_â ã àRäÉåyà æ,çHèyéHê
¶y·.´�¿"Æ.Æi¿Hµy´)°1¶�ëiÔíì½²�°î¶y·.´ÀÁ'¿hÈ×¯hµ�¿H¶y¯hµ�Ì½»�µ�¿"¼É´l²�±

Õ ÖÒØ�ïà áðâ ã à
äÉåyà^ñ;òHó Ø�ô�õ�ßcô åyà æ,çHè / ê
ö ·a´ ¼^¿Hµ�Ð8´�µ�¾8´�Á�¯[¹�²Ç¶�ÌB¼©Ôa±�¶�È
´lµy´�Á'¿H¶y´)³î¶y¯v¶�·a´ ¾�¿h¹�¿h°.¹�Ì^ëKÔ[ì�÷

øÕ�ù æ�ú µy´�¿ ê�ûýü á °[Ôa¼©È
´�µ�¯"»z±�²Ç¶y´º±O³a´º±�¶�µy¯xÌ8´)³
á
°[Ô.¼vÈ×´�µ�¯h» ú ¿"°a³ Ó¾1¯"Á�Ôa¼½´ æ ¾8¯hÁ�Ô.¼É´ ±�Ë�´ºÆí¶ ê

á æ,åþà½ñ�å�ÿ�ê�òHó Ø�ô�õ�ßcô æ�ú µy´�¿ ê�ûýü
æ,çHè��1ê

ö ·a´�µy´�»{¯hµy´

òHó Ø�ô�õþßcô á
Õ ù

åyàÉñ|å�ÿ á â
Õ à ñ Õ ÿ
åþà½ñ�å�ÿ æ,çHè��[ê

� Ôg¶�¶�²�°��ý¶y·í²�±�²�°1¶y¯��
	iÃ çHè / Ê

Õ ÖÒØ�ïà á_â ã à å�ÿ
åyàÉñ�å�ÿ äÉå à ñ ã ÿ

åyà
åþà½ñ|å�ÿ äÉå ÿ æ,çHè�ç1ê

� »
� ù ²�±O±�¼^¿HÁÇÁ�ÊK¿h°.³^¶y¯���¯[¯[³W¿hÆ.Æíµ�¯)ìg²D¼Ï¿�¶�²�¯�° äÉåyà á â äÉå�ÿ ÷

Õ×ÖÙØ=ïà áðâ æ ã à � ÿÉñ ã ÿ � à�ê�ä½åþà æ,çHè��1ê
Ël·í²�¹y·î²�±�� ¿�µ�Ð8´)°��Ò±O´�	[ÔK¿�¶þ²D¯�°W¿h°.³î³a´��i°.´)±�¶�·a´ ²�°1¶y´�µy³g²Ç¸�Ô.±�²Ç¾[²Ç¶�Ì��ã »c¯"µO³í²Ç¸RÔa±�²�¯�°Ï²�°W¿h°B¿HÁÇÁ�¯xÌ�Ã
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�l´!�K°í²Ç¶�²�¯�°a±À¿h°.³#"�´�Á'¿�¶�²�¯�°a±�»c¯"µ$��²Ç¸�Ô.±�²Ç¾[²Ç¶�²�´º±
PKrspÎ`6I×T %BNapqU f^UgT�Ng\HA�IKJ f^U[M,U1o"U[JGe1U#&Ro"N.pdU
�ã � °1¶y´�µy³í²Ç¸RÔa±�²�¯�°B®�¯[´!'½¹�²�´º°1¶ øÕ ÖÙØ�ï áðâ �ã äÉå ( ¿hÈ×¯hµ�¿H¶y¯hµþÌ�ã ²�±À¶y·.´©¹)¯�¼ÉÆ
¯�±�²Ç¶�²�¯�° è ³.´)Æ
´º°a³.´)°1¶ ³g²Ç¸�Ô.±�²�¯�°�¹º¯[´!'½¹�²�´º°1¶n»c¯"µ�¶y·.´ýëiÔíì�¯h»�¹)¯�°.¹)´)°1¶þµ�¿�¶�²�¯�°�²�°q¿½¼©ÔgÁÇ¶�² è¹)¯�¼ÉÆ
¯�°a´º°1¶l¿HÁÝÁ�¯xÌ�Ã
ã Ü � °1¶þµ�²�°a±�²�¹)��²Ç¸�Ô.±�²Ç¾[²Ç¶�Ì øÕ ÖÒØ,ÚÛÚÝÜÝÞcßÜ áðâ ã Ü�* Þ�+*!, ( ¿�¶þ¶�²�¹)´øÕ ÖÒØ�ïÜ áðâ ã Ü-* Þ�+*�, ñ�ò[å Ü ( ¿hÈ×¯hµ�¿H¶y¯hµþÌ�ã á � à ã ÿ^ñ � ÿ ã à
ã Ü ²�±z¶y·.´O³í²Ç¸RÔa±�²Ç¾[²Ç¶�Ì©¶y·i¿H¶6²�±�µy´�Á'¿�¶y´º³É¶y¯�¶y·.´O¹º¯�°.¹)´º°1¶�µ�¿�¶�²�¯�°��"µ�¿h³g²�´)°1¶6¶y·gµy¯�Ô.��·v¶y·.´O·g²�±�¶y¯hµ�²�¹�¿�Á.»c¯"µy¼�¯"»
Å ²�¹�Ð/�Ò±0�aµy±=¶RÁ'¿)ËnÃ ò ²�±Y¶�·a´z¾1´�Á�¯[¹�²Ç¶�Ìý¯"»a¶y·.´zÁ'¿�¶�¶�²�¹º´�ÆgÁ'¿h°.´)±GËO²Ç¶y·�µy´º±�Æ
´)¹�¶�¶y¯O¶y·.´�Á'¿"È
¯"µ�¿�¶y¯"µ�Ì�¹)¯[¯"µy³í²�°K¿�¶�´)±)Ãö ·a´ Á'¿�¶�¶�²�¹º´�»�µ)¿h¼É´ ²�±1�aìa´)³î¶y¯v¶y·.´�¹�µ�Ìg±�¶�¿HÁ�Á'¿�¶�¶�²�¹º´ý¿h°.³B¹x¿"°}¼½¯x¾1´ µy´�Á'¿H¶�²Ç¾1´�¶y¯©¶y·.´ÀÁ'¿"È
¯hµ�¿H¶y¯"µ�ÌÉ»�µ)¿h¼É´
ËO²Ç¶y·Î¾1´�Á�¯[¹�²Ç¶�Ì ò Ã ö ·.´2� Ü ¿�µy´n¶�·a´n¼½¯hÁ�´n»'µ�¿h¹�¶�²�¯�°.±)÷3� à á åyà54[æ,åþàÏñjå�ÿGê Ã ö ·a´nµ�´�Á'¿�¶þ²D¯�°.±�·í²�ÆB¶y¯É¶y·.´²�°1¶y´�µy³g²Ç¸�Ô.±�²�¯�°î¹)¯[´�'É¹�²�´)°1¶ ²�±�»c¯"µlÈg²�°i¿Hµ�Ìî¿HÁÇÁ�¯xÌg±)Ã
ã76Ü 8 ´�ÁÇ» è �O²Ç¸�Ôa±=²Ý¾í²Ý¶�Ì ã Ü á æþé6ñ *:9<;>= +*:9<; Þ?+ ê ã76Ü ��²Ç¶y·.´�µO»'µ�¿h¼½´À¹�¿h°BÈ
´�Ô.±�´º³
ã 6Ü ²�±�¶�·a´6²�°1¶�µ�²�°a±=²�¹�±�´�ÁÇ» è ³í²Ç¸RÔa±�²Ç¾[²Ç¶�Ìý²�°É¿ ·a¯�¼É¯>��´º°a´º¯�Ô.±Y±�¯"Á�Ôí¶�²�¯�°�Ã ú Á�±�¯n¹�¿�ÁÇÁ�´)³4¶y·a´6²�±�¯"¶y¯�Æ
´�³í²Ç¸�Ô.±�²Ç¾[²Ç¶�Ì�Êµy´�ëK´)¹�¶�²�°.�©¶y·.´À¶�ÌgÆ
´�¯"»�³g²Ç¸�Ô.±�²�¯�°î´yìaÆ×´�µ�²�¼É´º°1¶y±�Ël·g²�¹y·}¼½´x¿"±�Ôíµ�´�¶y·.´�±þ´�ÁÇ» è ³g²Ç¸�Ô.±�²Ç¾[²Ç¶�Ì�Ã

XB = 0 XB = 1
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Å ²@��Ôíµ�´ çHèyé ÷BADCFEHGHI>J<KLEHM3C@NOGPC@NRQSNOTLUVELU!JXWYTZWO[\U�I]N^K�WY_2G>W>Q-J U!JXWYT�`HNPG>NOT]`HNOT]K�NaWO[\U�I]N^bOEPCcJ<Wed]Q
`YJ f0d]Q!J b>J U-JXNRQ�g

¡ £b7.:�£�� £Dh^¡ 3 �.§ > � ª�7g£�< 5
( ¿"±�¶O¶�²�¼É´"Ê.¿"°}´R	[Ôi¿H¶�²�¯�°î»c¯"µ�¶y·.´Â¿�¾8´�µ)¿P��´�¾1´�Á�¯[¹�²Ç¶�Ìî¯h»�¿Â²�°.´�µ�¶ÉÍ=¼^¿Hµ�Ð1´�µyÑ4¿�¶y¯�¼ Ë�¿"±O³a´�µ�²Ç¾1´º³×÷

ò ó Ø�ô�õ�ßcô á
Õ ÖÒØ,ÚÛÚù

åyàÉñ|å�ÿ áðâ
Õ ÖÙØ�ÚÛÚà ñ Õ ÖÒØ,ÚÛÚÿ
åþà½ñ�å�ÿ æ,çHè 0 ê
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j ±�²�°��v¶y·.´Àµy´�Á'¿�¶�²�¯�°a±þ·í²�Æ.±�»c¯"µO¶y·.´�²�°1¶�µþ²D°.±�²�¹�³í²Ç¸�Ô.±�²Ç¾[²Ç¶�Ì�Ê

òHó Ø�ô�õþßcô á ã à äÉå à ñ ã ÿ äÉå ÿ
åþà½ñ�å�ÿ æ,çHè Ä ê

k : �.§ >��ml 3�«�«2no�©>��
7
Å ¯"µ ¿v°g²�¹)´Â·í²�±�¶y¯"µ�²�¹x¿HÁs³í²�±�¹ºÔ.±�±�²�¯�°B¯h»G¶y·.´2p�²Çµ�Ð8´)°.³K¿�ÁÇÁG´�¸�´º¹�¶xÊ.±�´º´

·1¶�¶yÆ�÷rq qxËOËOËnÃ�¶y¼½±)ÃÒ¯hµ-�eq�Æ.Ô.Èa±�qVs�¯�Ôíµ�°a¿HÁ�±�qPteuwvxq �80 i>� qOyl¿�Ð�¿]s�²�¼^¿ è �80 i>� ÃÒ·1¶y¼�Á�Ã ö ·í²�±�Ë�´)ÈgÁ�´�¶À³a¯[´º±l¿ý°í²�¹º´s=¯�Èq¯h»�³.´)±�¹�µþ²�Èí²�°��Ï¶y·.´©²D°8¶y´�ÁÇÁ�´)¹�¶yÔi¿HÁ�µy´)±�²�±�¶�¿"°.¹)´v¶�¯Ï¶y·.´�¹ºÔgµ�µy´)°1¶ýÔ.°.³a´�µy±�¶�¿"°a³g²�°.�É¶�·i¿H¶�¶y·.´�¼½¯h¶�²�¯�° ¯h»
¼^¿Hµ�Ð8´�µy±O²�±lµy´�Á'¿H¶y´)³�¶y¯�¶�·a´ý³g²Ç¸�´�µy´º°a¹º´)± æ�z ²�°a¹ý·K¿h±�¿"°Î²�°1¶�µ�²�°.±�²�¹v³g²Ç¸�Ô.±�²Ç¾[²Ç¶�ÌW¿"È
¯�Ôg¶ / Ã ç ¶�²�¼É´º±l¶y·i¿H¶ ¯h»®�¯�ÆaÆ×´�µý¿H¶n¶y·.´v¶y´º¼ÉÆ
´�µ�¿�¶�Ôíµy´ý¯"»�¶y·.´ 8 ¼�²@��´�Á�±�Ð�¿"± è p�²Çµ�Ð8´)°.³K¿�ÁÇÁ�´yìaÆ
´�µ�²�¼É´º°1¶xÊ 0hÄ ç { ® ê ²�° ¶y·.´©²D°8¶�µ�²�°a±�²�¹³g²Ç¸�Ôa±=²D¯�°î¹)¯[´�'É¹�²�´)°1¶y±l³.Ôíµ�²�°��ý²�°1¶y´�µy³g²Ç¸�Ô.±�²�¯�°^²�°W¿h°W¿�ÁÇÁ�¯xÌ�Ã

Å ²@��Ôíµ�´ çHè / ÷�|>}:G NOCcJ~_�NOTLU�E>MeQSN�U��VdHG�EHT]`�`eERU�Em[�C@WY_�U�I]N���J~C?�!NPT]`eE>M~M:N!}�G>NPCcJ~_wNPTLURg

Å ²@��Ôíµy´ ç�è�� ÷3�DERU�E2[�C@WY_�U!IPN���J~C?�-NOT]`:EHM~MHN!}�G>NPCcJ�_�NPTLURg
ö ·a´l¼½´)¹y·K¿h°g²�±�¼�È
´)·g²�°a³4¶y·a´l¼Ï¿�µ�Ð8´�µ�¼É¯"¶�²�¯�°½¹x¿"°^È
´ Ôa°.³a´�µy±�¶y¯[¯[³4Æ.·1Ìg±�²�¹x¿HÁÇÁÝÌÏÈ1Ì�¶y·.´Oµy´º¼É¯x¾�¿�Á×¯h»

Á'¿H¶�¶�²�¹)´4ÆíÁ'¿"°a´º±�È1ÌW¾�¿h¹�¿h°.¹�Ìq¿"Èa±þ¯hµyÆg¶�²�¯�° ³aÔgµ�²�°.�^³g²�±�Á�¯[¹�¿�¶�²�¯�°d¹�ÁÇ²�¼vÈ ¯�°�¶y·.´v±�²�³.´v¶�¯xËO¿Hµy³a±lËl·g²�¹y·�¶y·a´
¼^¿Hµ�Ð8´�µ�¼É¯x¾1´º±l¿h°.³^¶y·.´�´)¼4²�±�±�²�¯�°B¯"»Y¾�¿"¹x¿h°.¹�²D´º±lÈ1Ìî¹�ÁÇ²�¼©ÈB¯�°^¶y·.´�¯"¶y·a´�µxÃ
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v

j1 + j2 + jV = 0 

v

x

c 1
(x

)

→ → →

j2
→→→→→jV

→→→→
j1 
→ j1

→
j1  
→
j1  
→
j1  
→
j1 
→

Å ²@��Ôíµ�´ çHè�� ÷���M~M�d]Q�U!CFELU-J<WeT�WO[�U�I]N�M�ERU�U-J<K�N\_�NRKPIOEHT>J<Q!_�[cWHC�U�I]N���J~C?�-NOT]`:EHM�M�N!f�N�K!URg

� ¯xË�´�¾1´�µ�Êb¶�·a´�pl²Çµ�Ð1´º°a³K¿�ÁÇÁÀ´�¸�´º¹�¶É¹�¿h°�¿�Á�±�¯ È
´î´�ìaÆíÁ'¿H²�°a´º³;ËO²Ç¶y·|¿Î¾8´�µ�ÌQ±�²�¼½ÆíÁ�´B¿h°K¿HÁD¯>�"Ìd¶y¯W¶y·a´
²�°1¶y´�µy³í²Ç¸�Ô.±�²�¯�°;¯"»O¶�Ë�¯^�8¿h±�´º±ÂË�²Ý¶�·�³í²Ç¸R´�µ�²�°��Î³g²Ç¸�Ôa±�²Ç¾[²Ç¶�²�´º±)Ã � °q»�¿"¹�¶xÊz¶�·í²�±©Æa·.´)°.¯�¼É´)°.¯�° Ë�¿h±ýÐg°.¯xËl°
È
´�»c¯"µy´À¶y·.´�p�²Çµ�Ð8´)°.³i¿HÁÇÁY¹º¯�°1¶þµy¯x¾1´�µy±�Ì�Ã
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PA
������������

PA PB
PAPB

������������

PA
PB

diffusive membrane

PB

initial conditon

Å ²@��Ôíµ�´ ç�è�ç ÷���M�M�dPQ�U!C�ERU!JXWYT�WP[:U�I]N
��E]Q�`YJ f0dPQ-JXWYT�EHTOEHM W>�P�0U�W1U�I]N3��J~C?�-NOT]`:EHM~M�N!f�NRK!URg��/dHG�G W>QSN
WYTHM �U�I]N$���HE]Q�KLEHT2`.J f0d]Q�NmE]KOC@W QSQ�U!IPN)_wNP_2�OCFEHT]NP�YU�I]NOT\EHT�J~T>J U-J�EHMPQ��]Q�U�NP_�U!IOELU J<Q3J�T�_�NRKPIOEHTHJXKLEHM
NR¡.d>J~M�J~�OCcJ~d�_¢WYT�U�I]N�M N![FUw£¤J�M�M�`HN�b]NPMXWeGoE¥Q�G>WeTLU�EHT]NRWed]Q7GOC@N�QSQ�dHC@N¦`YJ f�NPC@NOT]K�N¥E]Q\J�M�M�dPQ�U!C�ERU�N�`#WeT
U�I]N§CcJ<�eI¨U�g

PA
©a©©a©©a©©a©©a©©ª©a©ª©a©ª©
©a©ª©a©a©ª©a©ª©a©ª©©ª©a©a©ª©a©ª©a©ª©©ª©a©a©ª©a©ª©a©ª©

©ª©a©ª©a©ª©PA PB
PAPB

©a©©a©©a©©a©©a©

©ª©a©ª©a©ª©a©ª©a©©ª©a©ª©a©ª©a©ª©a©©ª©a©ª©a©ª©a©ª©a©
PA

PB

Membrane moves

PB

©ª©a©ª©a©a©ª©©ª©a©ª©a©a©ª©

Cavitation

«�¬@­>®e¯!°�±¨²�³:´1µ ¶/·�¸]¹$º�¹Pº2»O¼F½H¾]¹�¿¨½>¾)º�ÀPÁ]¹2ÂV»�Ã$½H¾O½HÄXÀ ÅOÃ3·SÀ$·!¸P¹mº$½P¼?Æ-¹O¼�½L·�Àeº�Ç!È
É ·�Ê¤É�Ä�Ä¨ËHÀ2ÇSÀ�·SÀ
¹RÌ.Í>É~Ä�É~»O¼F½L·S¹$·!¸P¹�ÎP¼@¹RÇSÇ!Í�¼@¹ Ï7µ ¶0·�¸]¹�º�¹Oº2»O¼F½>¾P¹\¿L½H¾H¾]ÀO·mºwÀPÁ]¹OÐ/·!¸P¹P¾ÑÉ ·wÉXÇ2Î>À>ÇSÇ-É�»HÄ ¹�¶�ÀH¼
·!¸]¹�Ò/Í>ÉXË
ÀY¾2·!¸P¹§ÄX¹!¶Ó·�·�À�¿¨½RÁHÉ ·V½L·�¹ Ï

ÔcÕ7¬@Ö�×�Ø@°LÙ]¯�ÚÓ¯-Û>ÜÝÕ-Þ�°¦ßà­>®e¯!°�Ö7Õ-ÞàÙ]ÕLá
¬@âBÙãØFÙ¨ÕVÕ�¬ä×R°Pá�Õ-Þ�°!¯-°¦å3¬æØæØ�ç/°�×RÛ âHÕV¯V¬@ç�®YÕV¬@Û âèÛOÚ$ÖSÕV¯-°RÖVÖ§Õ-ÛéÕ-Þ.°
ê ¯V¬æë:¬@â.­\ÚcÛP¯-×R°mÚ�ÛO¯ ê ¬rì�®.ÖS¬@Û>âîí

ïñð�ò1óYôöõ�÷2ø$ó�õSðùòúðDû^ü3ó.ôeý�þeþñóYð ÿ õ � ømþ�õSð�ò
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�DC
EGF�HJI ��KJ�+	ML�NJ�PO,KJK��QLR� FSH O�TUK�� IWV � IRI � F�HXF#Y �+TZO I LW� V L��+	+[ I O�	��\� HJV T]�JKJ�4K^� H L F O_L�NJ�+	�[ F K�` H O,[a� VY 	'O,[b�'c F 	WdaL�NeO)L8O#f@fg�1O)	 I O�LhL�N@�U� H K F#Y T�� V L��
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